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Tumour Immune Virus (TIV) model is theoretically analysed based on a system of five nonlinear
ordinary differential equations (NODESs). The model is divided into five compartmental classes:
uninfected cancer cells (U,), virus-infected cancer cells (U,,), immune effector cells (U,), dead
cells (Uy,), and free virus particles (U,). The aim is to investigate the stability of the deterministic
TIV model both analytically and numerically, utilising the Lyapunov function and the Runge-
Kutta-Fehlberg (RKF) method. For the deterministic model, five steady points are derived, and
their local and global stability are investigated for the coexistence steady point; however, specific
criteria were employed to confirm the existence and stability of these steady states. Also,
numerical simulations were conducted to study the dynamic behaviour of the TIV system, whose
findings offer more insights into the impact of oncolytic treatment on the immune response and
contribute to the development of more effective strategies.
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Introduction

Combining radiotherapy with viral therapy improves cancer
elimination when non-radioactive cells are damaged faster

In recent years, mathematical models have been used to
understand and predict the dynamics of virotherapy for
cancer. Among the models presented, there are simple
models focused only on the interactions between uninfected
and infected cancer cells, in addition to more complex ones
that incorporate immune responses, free viral populations,
and a combined treatment strategy, such as radiotherapy.
Wodarz assumed logistic tumour growth and direct
interactions between infected and uninfected cells, later
including free virus dynamics [1]. Although this model
omitted virus depletion due to cancer cell infection, this was
later addressed by Bajzer et al.; also several stable points
were obtained, and the Hopf bifurcation was analysed under
specific criteria [2].
Al-Tuwairgi et al. determined tumour growth logistic by
focusing on injectable viral dynamics and virus depletion.

than they proliferate [3]. Renuka et al. proposed a four-
equation model comprising a cancer cell, an infected cancer
cell, a dead cell, and unrelated viruses, as well their
parameters sensitivity study to know how to affect the system
dynamics, providing insights for treatment optimization [4].
These advances in virotherapy modelling demonstrate an
improvement towards greater biological reality, including:
logistic growth for long-term studies, immune interactions,
accurate accounting of free-virus fate post-infection, and
research into combined therapies [5]. This dynamic
framework serves as a basis for the current investigation. We
will observe the cancer viro-immunotherapy model [6],
which employs the human immune system to attack tumour
cells through viruses. We use ordinary differential equations
(ODEs) to perform Lyapunov stability analysis on the
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coexistence steady point in the TIV model, which provide a
mathematical framework for examining the stability of
dynamical systems [7]. The Lyapunov function is an
important mathematical tool for analyzing TIV models to
ensure their stability and accuracy [8].

As a result, mathematical models of cancer cells can be used
to assess their long-term behaviours and the stability of their
steady state. This study also uses numerical methods to
simulate the TIV model and obtain accurate approximate
solutions, such as the Runge-Kutta (RK) method, providing
new understandings into disease dynamics and enabling the
development of more effective strategies [9]. The paper for
TIV model is organized as follows: Section 2 introduces the
TIV model, and presents the existence of steady points.
Section 3 analyses the stability of steady points locally and
the global stability of the coexistence steady point. Section 4
provides numerical simulations using MATLAB and the
RKF method, and also discusses the biological implications
of the stability results. Finally, Section 5 concludes the paper.

The Model

The TIV mathematical model describes the interactions
between cancer cells uninfected U, and infected by virus U,
immune effector cells U,, dead cells U,,, and viral particles
U, in this section. Based on NODEs, the model captures the
essential biological processes. In Table 1, five state variables
are summarised by biologically meaningful interactions
represented by proliferation, immune response, cell death,
and viral dynamics.

Table 1: The description of the state variables of TIV model

av, ()
20 = U0, ()~ kU, (OU,0) 60,0 2)
dliizt(t) = sU,()U,(t) — wUZ (t) — PU,(t) €))
du,
O v, 0u,0 + 60,0 -, @
Do _ pou, @ ~ el OV, 10, 6

Initial conditions for TIV system:

UX(tO) = Uxo, Uy(to) = Uy(]’ UZ(tO) = UZO, Un(to) =
Ung Up(te) = Uy, tg = 0

The TIV model is based on the following biological
assumptions [12]:

e Uninfected cancer cells U, proliferate with a constant
growth rate a. This growing is reduced from the
infection by free virus U, at term 8 U,.(t) U,(t).

e viruses U, infect cancer cellsU,, producing infected
cancer cells U, demonstrate at term g U, (t) U, (¢).

e Infected cancer cells U, die naturally at rate § and are
eliminated by immune effector cells U, at term
kU, () U,(t).

e Immune effector cells are stimulated by infected cancer

Variable Description
U,(t) Uninfected cancer cells
U, Infected cancer cells by virus
U,(t) Immune effector cells
U,(® Dead cancer cells
U, Free oncolytic virus particles

cells at term s U, (t) U,(¢). Their number is reduced
due to immune exhaustion and clearance, represented
by the quadratic term w U2(t), as well as suppression
effects modelled by the parameter P.

e Dead cancer cells U,, arise from both immune Killing

8

!
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\
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Figure 1: Flow chart describe the interaction between cells
(U, Uy,U,, Uy) and viruses (U,)

Therefore, the TIV model is mathematically formulated as

[6]:

dU, ()
dt

= a U,(t) — BU,()U,(t) @

and natural death of infected cells. These dead cells are
removed from the system at a constant clearance rate u.
e Oncolytic viruses U, are released with the death of
infected cancer cells, with a burst size described by the
parameter b. Free virus particles are eliminated through
immune cell uptake at term k, U, (t) U,(t) and natural
degradation at rate y.
Theorem 1: Existence and Uniqueness of Solutions of TIV
Model

Let ¥ =(U,U,,U,Up,U,) €RS be the biologically
relevant domain. Then for any initial conditions

(Uxo'UyO' Uzo UnO,U,,O) € W, there exists a unique solution

(U(0), 0,0, U,(0), U (1), U, (©)) of the TIV model (1) -
(5) forall t = 0 [10].

Proof Define the vector field F: R> - R>:
F (U, Uy, U,,U,,U,) = a Uy = B U, U, (6)
F,(U,U,,U,U,,U,) = pU,U, — kU,U, — 8 U, 7
F;(U,U,,U0,,U,,U,) =sU, U, —

wUZ-PU, (8)

F,(U.U,,U0,,U0,U,)=kU, U, +8U, — U, 9)
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Fs(U,,U,,U,,U,,U,)=b8U, — ko U, U, —yU, (10)

Where a, 8, k, 8,s, w, P, u, b, ky,y are positive constants.

Step 1: Local Lipschitz Continuity

Since each component F; is a polynomial function of the
variables U,,U,, U,,U,,U,. Hence, F € C*(R®). Consider
any compact set K c .

There exists M > 0 such that:

0 < U,,U,,U,Uy,U, <M,forall (U, U,,U,U,U,) €K.

The Jacobian matrix / = DF(U,, Uy, U,, Uy, U,) of the TIV
system is:

]
a—BU, 0 0 0 —BU,
/ U, —kU,—§& —kU, 0 BU, \
= 0 sU,  sU,—2wU,—P 0 0 )
k 0 kU, +6 kU, —u 0 )
0 b —koU, 0 —koU,—y

where J € R5*5
Since all variables are bounded on K, all partial derivatives of
F are bounded on K. Therefore, there exists a constant L > 0
such that:

IDF)I < L, forall X € K.

Using the mean value theorem for (1) — (5) system, we get:
IFX)—F(Y)ISLIX—Y [forallX,Y € K.
Hence, F is locally Lipschitz continuous on ¥.

Step 2: Local Existence and Uniqueness of T1V model

By the Picard-Lindel6f theorem [11], for any initial condition
(Vs Uy Usgs Ungs Ung ) € ¥,

There exists a unique local solution
(U0, Uy (0), U, (6, U (£), U, () of the TIV system (1) -
(5) defined on some interval  [0,T),T > 0.
Step 3: Proving positive invariance of W.

Lemma 1:

The set W is positively invariant.

Proof We study the system on the boundary of 0.

If U, =0,then U,” =0.
If U, =0,then U,” = 0.
If U, =0,then U,” =0.
If U, =0,then U,” =0.

If U, =0,then U,” =0.

Therefore, the vector field F fails to point toward the outside
on the boundary of d%. Assume, by contradiction, that a
solution becomes negative at the beginning, t, > 0. At this
point, the corresponding variable's derivative must be

negative at zero, which contradicts the previously provided
boundary analysis. Solutions starting with ¥ remain in ¥ for
allt = 0.

Step 4: Global Existence on [0, o)

Lemma 2:

Define the total number function U(t) for TIV model, such
that:

Ut) = Uy () + Uy, (t) + U,(t) + U, (t) + U, (t) (11)
Compute the derivative of equation (11):
dU _ dU, N du, du, du, N du,
dt dt dt dt = dt = dt
= (aUx - .BUva)
+ (BULU, — kU, U, — 6U,) (12)
+ (sU,U, — wU2 — PU,)
+ (kU,U, + 86U, — uU,)
+ (b8U, — koU,U, — yU,)
Thus,
du =alU U?—-PU U U
dt_ax_wz_ z — MUy — YUy (13)

+ (b6 - 8)U,
Since all parameters are positive and b, § are bounded, we
get:

dU
St C<al+C (14)
for some constant C > 0.
By Gronwall’s inequality:
c C
() < (U(O) + —) et _ 2 (15)
a a

Thus, U(t)is bounded on every finite interval. Therefore, the
solution can be extended for all t > 0, and

Tyax = o0

Hence, the TIV model (1) — (5) has a unique global solution

(Ux(t), U, (t), U, (t), Un(t),U,,(t)) for any initial condition

in ¥ [10].

Theorem 2:

The TIV model (1) — (5) has exactly five steady points in R®,

which are classified as follows:

e There are three biologically relevant steady states.

e The existence of two steady points that are biologically
irrelevant.

Where all parameters of the TIV model a,8,k,6,s, w, P, u,

b, ko, y > 0][12].

Proof For each variable U,, U, U,, Uy, U, in the TIV model

(1) - (5), set the derivative to zero. Solve the resulting system

of equations to get the values of the variables U,, U,, U,, Uy,

and U,, at which the system is in steadiness [13]. We obtain

the following five steady points:

EO = (010505050)

P
E, = (o,o,——,o,o)
w
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5 - (o kP—w§ & —(b8(kP — aw))>
2 ks T k' s(8ky—ky)
Yy ya ya «
= (55 " )
E, = (U, U;,U;, Uy, Uy), where:
U; =
koP(8(bBkP+asky)—aksy)—w(8(Bb(P(Sko—ky)+8yw)—asyky)+aksy?)
(akos—bBSw)? !
. a(Pky—yw) . PbBs—ays
Y T akos —bBSw "¢ akys — bBSW’
U = a(Pky —yw)(adkys — ayks — bB5%w + PbBSk)
" (u(akos — bBsw)?) '

Eq represents a free steady point where all cells and viruses
tend to zero, i.e., Uy=U,=U,=U,=U,=0. The steady
state £, is where the cancer cells U,, U,, the virus particles
U, and the dead cells U,, have all been eliminated, and this
steady point is biologically irrelevant. Similarly, E;, is a
steady point, representing the uninfected cancer cells U,, and
the dead cells U,, have been eliminated from the system, and
this point is biologically irrelevant since U, < 0. Also, the
steady point E3 is a tumour-dominated steady state, which
represents the failed immune response state, which is a
situation in which cancer cells U,, U, (both uninfected and
infected) and oncolytic virus particles U, remain in the body,
but the immune system is suppressed or eliminated (U, = 0).
As for E4 representing the co-existence steady point where all
populations in an endemic steady state, it is biologically
relevant only if: U,,U,,U,, U, > 0 [16].

Stability Analysis

This section presents the linearization of the system (1) - (5)
and analyzes some biological steady points [13]. By
identifying these conditions, we can better understand the
long-term behaviour of the system (1) - (5). We first define
the state vector of the TIV system as:

T
X(£) = (U0, Uy (0, U, (0, Un (0), U, () ) (16)
And let the vector X* represent the generic steady-state point
to the TIV model (1) - (5), as:

We will define the deviations from steady state as:

E®) =Xt - X* a7
The nonlinear system (6) — (10) can be written in vector form
as:

X)) =F(X@®) (18)

where:
F(X) = (F,(X), F,(X), F3(X), F,(X), Fs(X))".

Since X*is a generic steady point of the TIV system, then:
F(X*) = 0.

By applying the first-order Taylor expansion about F*, we
get:

F(X(®) ~ FQE) + 91,00 — X°) (19)

Here: g—ilx = P, represent the Jacobian matrix of F =

[F,, F,, F3, F,, F5|T with respect to the X(t), calculated at X*,
which is:

0F o, O]
au, au,
OF, OF, 0F, = 0F,
au, U, au, au,
p=|0 o OF
= au, AU, '
oF, OF, OF
0 — — — 0
au, AU, AU,
dF; OF, aF.,
o s 5 ) 5
au, AU, au, ]

where P € R5%5

Then, the linearized TIV system around the steady point
X*can be written as:
dE(t
©_ PE(t) (20)
To analyze the stability of this linearized system (20), we
consider an exponential solution of the form:

E(t) = et* Y, Y is nonzero vector.
Substituting into the equation (20), we get:

Aetty = petty
Divide both sides by e*?, we get:
AY =PY
We can write it as:
AU -P)Y=0

Given a non-vector Y € R®, so:

det(Al —P) =0 (21)
The equation (21) describes the characteristics of the system
(1) — (5). In consequence, the stability of the steady points
depends on the roots A of this equation. It is locally
asymptotically stable if all roots (1) satisfy Re(1) < 0.
Local Stability
The local stability of the steady points for the TIV model is
investigated using the linearization method. Briefly, this
method involves evaluating the Jacobian matrix | =
DF(U,,U,, U, Uy, U,) of the TIV system around the
biological steady point, and then proving that its eigenvalues
are negative.
Theorem 3:
The free steady point E, is not locally asymptotically stable.
Proof The Jacobian matrix around the total extinction steady
point E, is given as:

[0 -5 0 0 0
J(0,0,000=|0 0 —P 0 0
0 8§ 0 —u 0
0 b6 0 0 -y

aOOOO]

The eigenvalues around the free steady point are given as
follows:
Al=a, /12=_6' /13= _P; /14.=_H, 15: -V.
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Clearly, the eigenvalue 4, is positive. Hence, E, is not locally
asymptotically.
Theorem 4:

. Y e yae «a
The tumor domlnated_ steady state E; = ( TTTTTL /3)
is not locally asymptotically stable.

Proof The Jacobian matrix of the TIV system about the

a (24 (04 .
tumor- dominated steady point (y yﬁb, ,:ﬁb B) is as
follow:

[a—=BU, O 0 0 —BU
I BU, -5 —kU 0 BU, I
JE)=| O 0 sU,—P 0 0
l 0 1) kU —U 0 J
0 bs —k, 0 -y
The characteristic polynomial of the TIV system
corresponding to the steady point (E) is:
|](E3) - /U| =0,
We obtain the eigenvalues:
A = S’,:; P, 2, = —u, and 15, satisfy the equation
B+ +6)A2+ady =0,
where:
a=y+54,
a, =0,
az = ady,

Now by applying Routh-Hurwitz criteria [15], if a; >
0,a; > 0,and a;a, > a; then the eigenvalues 15 , 5 < 0 [4].
Obviously, a,,a; >0, but a,a, < a;. Hence, the tumor-
dominated steady state E5 is not locally asymptotically stable.
Theorem 5:

The co-existence steady point E, = (Uy, Uy, Uy, Uy, Uy) is
locally asymptotically stable only if a;,a;,a, > 0, and
a,a,a; > a% + a?a,. ay,a,,a;3, and a, are provided in the
proof [3].

Proof The Jacobian matrix of (1) — (5) system around E, is
given as:

J(U;,U5,U3,U;, U3)

[ —BU; 0 0 0 —-BUz
I BU;  kU;—86 —kU; 0 BU: I
=] O sU; sUy*=2wU;,—P 0 0 I
| o kU; +6 kU;, —u 0o |
0 bs —ko U 0 —koUs—vl
where we have used « — BU,; = 0 since U, = %
* * * * a
] (Ux, u;, U, Un,E)
0 0 0 0 —BU;
a kU;—6 —kU; 0 BU;
_ 10 sU; sUy; —20wU; =P 0 0
|0 kU +6 kU, —u 0
a
Thus, solving the characteristic equation

|] (U;;,U;, U, U;;,%) - /11| = 0, we obtain the eigenvalues:

Ay =—u<0,

P,(A) =det(A—AD) = A* + a; A3+ a,A? +azd+a,

where:
0 0 0 -BU;
la kU; -8 —kU; BU: |
A=|0  sU;  sU;—2wU;—P 0 |
a
0 bs —ko—= J
[ °B

By the Routh—Hurwitz conditions for a quartic require, if:
a, >0,a; >0,a, >0,and a,;a,a; > a2 + da?a,.
Then the eigenvalues of P, (1) have negative real parts [14].
Now: the coefficient of (13):
a, = —trace(A) = —kU; + 6 — sU; + 20U; + P + koU;

+v

The coefficient of (12):
a, = Z principal minors of order 2 of (A) =

= (sU; — 20U; — P)((k — koU; — 5 — 7))
+ (kU; — 8)(=koU; —v) — (bSBU3)
+ kU;sU;

The coefficient of (1):

— Z principal minors of order 3 of (A) =

= —aBU; (sU; + bd)
— s U; [kU; (ko U; +¥) + BU5koU; |
+ (sU; — 2wU;
—P) [(kU; = &) (koU; +v) + BU;bS],

The coefficient (a,):

a, = det(A) = —a’kysU;U; — afU;bS(sU; — 20U; — P)
Therefore, if a,,a,,a;, and a, are positive and satisfy the
Routh-Hurwitz condition

a,aya; > a3 + ata,,

Consequently, all roots of the characteristic polynomial P, (A)
have negative real parts. As a result, the coexistence steady
point E, is locally asymptotically stable.

Global Stability

In this section, we use Lyapunov function analysis to prove
the global stability of the co-existence steady point of TIV
model. We know that X* = (U,, U,, U,, Uy, U,), a generic
steady-state solution to the cancer model (1) — (5), define the
deviations from steady state as:

Uy () = Uy, Uy (t) = Uy, U,(t) = Uy, Uy (t) — Uy, U,(t) —
U,

Theorem 6:

The coexistence steady point E, = (U,,U,,U,, U,,U,),

globally stable in the biologically feasible region ¥ if the
following parametric conditions hold:
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(i) sU, < 20U, +P
(“) koﬁz + 14 = Bl_]x

kUyUZ #Un
" Uy

(iii) b6 < MU, (—=

)

(V)a = U,

Proof Consider the following Lyapunov function:
= = U
LU, Uy, U, Uy, U,) = (U, Ux—lenﬁ—i)+
(0, - T, - Ty n: )+m1 (v, -
mz(U —Uyln=2 )+m3(U

0, - U,in2) +
= = U
-7, - Uzan—:)

Where:m; > 0,i = 12,3.

For all U > 0, the function U — U — Uln= > 0 & (U = U").

Hence,
L(U,,

u,,U, U, U,) >20,L=0e (U,U,,0,U,,U,)
=E,.

Therefore, L is positive definite.

The derivative of each term is given by:

Thus,
Substituting the TIV system (1) — (5):

- (1 —ﬂ> (aU, — BU,U,)

Uy
Uy
+H1-7 (BU U, — kU,U, - 8U,)
v/_

U
+m, (1 - FZ> (sU,U, — wU2 — PU,)
z
U,
my|1— . (kU,U, + 8U, — uU,)
U,
my|1-77 (b8U, — koU,U, —yU,)
v
Using steady condition. At E,, the following hold:

a = pU,
BU.T, = kU, T, + 6T,

béU, = k,U,U, + yU,
After substituting the steady conditions and the chosen
constants m,, m,, ms, we have:

U, U, u, U,
—Ew(UZ—UZ)z—(s(z—ﬂ_ﬁ)
S_ _ n n
_BUw(, U Uy

bs u, U,
+R(U,, Uy, U, Uy, Uy,)

where R(U,, Uy, U,, Uy, U,) contains interaction terms that
must be non-positive. Ensuring Non-Positivity Under
Conditions (i) - (iii):
() sU, < 2wU, + P
(i) koU, +v = pU,

kUyUZ yUn
" Uy

(iii) b6 < MU, (——,=7)

Under these conditions, we can show:

— 2
5[7 (UY __Uy)
U,U, Y U,u, 3
R (e 5
s 7 U,U,

_ (U, —U,)?
L < EUUVQ

.BUxV(U _ U )2

U,U,
Since all parameters are positive and Uy, U,, U,, U,, U, > 0
in ¥. Collecting terms, we obtain:
L' <oforall (U,,U,,U, Un, U_ v) € V.
Moreover, L' = 0 <:> 0, U0,,0,70,U,) =E,.
Thus, the largest mvanant set  contained in
{(U,,U,,U,, U, U,) EW:L' =0}isE,.
Hence, by LaSalle’s Invariance Principle, the coexistence
steady point E, is globally asymptotically stable in ¥ [13].

Numerical VValidation of Theoretical Results

A numerical simulation was performed using the following
parameters over a period of time 0 < t < 200h.

Numerical Stability Analysis

Using the parameter values from [6] listed in the Table 2,
steady points of the TIV model were determined
mathematically below, as demonstrated in Table 3.

The local stability of each steady point was investigated by
evaluating the eigenvalues of the Jacobian matrix J(E;),i =
0,...,4, at the corresponding steady state. The steady point
(E),i=0,..,4, is locally asymptotically stable if all
eigenvalues A;,i =1,..,4, have negative real parts. This
further explains the oscillatory behaviour observed in the
numerical simulations in the next subsection [13].
Time-Series Numerical Simulations

Numerical simulation using RKF 4(5) method with adaptive
step-size was performed using a MATLAB ode45 solver
[10]. In simulation, the solver was configured with relative
tolerance = 1 x 1071, absolute tolerance= 1 x 1078, initial
step size = 0.01 h, and maximum step size = 0.5 h. The
TIV system was simulated over 200 h, with the initial
conditions: U,(t=0) = 8x 10° cells/mm?, U,(t =0) =
10° cells'rmm?, U,(t =0) = 6 x 10* cellssmm®, U, (t =
0) = 4 x 10*cells/mm?3, U, (t = 0) = 10° virus/mm? [6].
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Table2: Detailed description of the parameters of the TIV model

Here we notice from Fig (5) that the dead cells begin with an

initial value of U,(0) =4 x10* cellssmm3, and the

Parameter Description Range Value
Rate of cancer cell _
« proliferation 0<a 2x107'/h
The rate at which 7 % 10-8
B cancer cells are 0<pg P
infected by viruses mm/hivirus
The rate at which 2 X
k immune cells kil 0 <k 1078 mm¥h/immu
infected cells ne cells
Death rate of cancer
é cells that are 0<§ 1/18/h
infected by viruses
Activation rate of 5.6x 1077
s immune cells by 0<s  mm¥h/infected cell
infected cells
Clearance rate of 2x 10712
d immunological cells 0 <% mm¥h/immune cell
Immunosuppressive
P medication 0 <P 0.5/h
Trash clearance rate
u of cells that are o<u 1/48/h
dying
The viral
replication number
b at the time of death 0< b 50
of the infected
cancer cell
K Virus uptake rate by 0 <k 1078
0 immune cells % mmd3h/immune cell
v %‘?{Z‘Pﬁf rae of G ., 25 x10°2/h

behaviour of the curve is sharp and continues to decrease in
dead cells U,, until the end of the period, indicating that
treatment effects combined with immune activity became
effective early at the beginning of the interval. The rapid and
continuous decline in dead cell density U,, suggests that dead
cells are being cleared efficiently from the body of the
individual.

w10

Uninfected Cancer Cells (U)

i i i i i
0 20 40 B0 a0 100 120 140
Time (t)

Figure 2: Dynamics of the density of uninfected cancer cells U,

1 i
160 180 200

12 T T T T T T T T T

In Fig (2), we notice that the uninfected cancer cells U, begin
with an initial value equal to 8 x 105 cells/fmm3; then this
number decreases rapidly from the first hour until it reaches
zero at the seventh hour, which indicates that by ¢t = 7 h, all
uninfected cancer cells U, had died, indicating 100%
infection by the oncolytic U,,.

According to Fig (3), the infected cancer cells begin with a
number U,(0) = 10° cells/mm?. These cells U, reach a
higher value in the first hour, which forms a peak, and then
decrease until they reach zero. The increase and descent in
the number of U, represents the process of infection and
death of cancer cells U,, as a result of oncolytic viruses U,,.
Fig (4) illustrates the behaviour of immune cells U,, which
begin with an initial value of 6 x 10* cells/mm3, then
decrease, followed by increases, then ultimately decrease to
zero cells by the end of the interval. Here, we can see a
trough followed by a peak, indicating a decrease in immunity,
followed by an increase in the number of U, in the body, and
the final decline to zero of immune cells U,, indicating
immune exhaustion with the treatment effect, resulting in a
complete loss of immune cells U, in the observed interval.

Table 3: Steady point of the TIV model

[=]

Infected Cancer Cells (Uy)

0 20 40 60 a0 100 1200 140 160 180 200
Time (t)

Figure 3: Dynamics of the density of infected cancer cells U,,

Fig (6) shows that the number of viruses starts at U,(0) =
10° viruss/mm3 and then rapidly grows. Initial growth
indicates viral replication within infected cancer cells U,,. At
the same time, the subsequent decline suggests depletion of
susceptible cancer cells and immune clearance represented by
the term —k, U, U,, or natural viral decay represented by the
term —y U,,.

Biological relevant

Steady points U, v, U, U, U, Stability
E, 0 0 0 0 0 Yes Unstable
E, 0 0 —5x 1010 0 0 No —
E, 0 1.78 x 10° —2.78 x 10° 0 —1.78 x 108 No —
E; 7142 25714 0 68571 2.86 x 10° Yes Unstable
E, 3.15 x 10° 1.79 x 10° 1.49 x 107 3.03 x 10° 2.86 X 10° Yes Unstable
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Figure 4: Dynamics of the density of immune cells U,
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Figure 5: Dynamics of the density of dead cells U,,
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Figure 6: Dynamics of the density of viruses U,

Biological Results

The numerical simulations contribute to the understanding of
the biological behaviour of the TIV model, as the instability
of biological steady points explains the rapid and fluctuating
dynamics observed in the time-series simulations. The rapid
decrease in the density of uninfected cancer cells U, indicates
an effective viral infection, while the peak and subsequent
decline in the number of infected cancer cells U,, is explained
by viral replication and cancer cell death. The immune cells
demonstrate an initial trough followed by a peak, indicating a
decrease in immunity, followed by activation, and finally,
weakening. Furthermore, the decrease in the number of free

virus U, is consistent with the immune clearance of infected
cancer cells. These results show the interaction between
cancer cells U, the immune system U,, and viruses U,,.

Conclusion

In this work, we study the effect of the combination of viral
therapy and immune response on cancer cells. The Tumour—
Immune—Virus model is a system of NODEs describing the
interactions between uninfected cancer cells U, , infected
cancer cells Uy, immune cells U,, dead cells U,, and free
virus particles U,,.

As part of the mathematical analysis, we proved the existence
and uniqueness of system solutions (1) — (5), examined the
positivity and boundedness of solutions, and examined the
local stability of biologically relevant steady points. The
system was analysed using linearization techniques and
Lyapunov functions. As a result of these theoretical results,
the TIV model is biologically consistent.

We used the numerical simulations in order to validate the
analytical results, which have shown that combining viral
immunotherapy has a clear effect, as it significantly reduces
the density of cancer cells and enhances the immune response
[2,17,18].

Future work

By incorporating spatial diffusion, response, and biologically
motivated time delays, which extends the TIV model. It is in
these situations that Computational Fluid Dynamics (CFD)
can be used to simulate tumour growth, immune cell activity,
and the spread of viruses [19].

Also, the proposed dynamical model can be combined with
deep learning architectures for MRI-based tumour detection
and classification [20]. A FPGA may also be a powerful tool
for implementing iterative numerical schemes, such as
Newton-Raphson, to improve computational efficiency [21].
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