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A steady-state mathematical model for a brine-recycle multistage flash (MSF-BR)
desalination system is developed for performance prediction and analysis. The proposed
formulation combines the computational simplicity of section-wise steady-state models
with selected rigorous thermodynamic features while avoiding the complexity of detailed
stage-by-stage formulations. The governing model consists of coupled mass, salt, and
energy balance equations combined with heat-transfer relations for the recovery section,
rejection section, brine heater, and mixing units. The resulting nonlinear algebraic
equations are linearized using a modified tridiagonal model (TDM)-based approach and
solved iteratively within a FORTRAN computational framework. The model is validated
using published benchmark data for a 5 MGD brine-recycle MSF desalination plant
reported by Rosso et al. Predicted temperatures, flow rates, salinities, heat-transfer
coefficients, distillate production, and gain output ratio (GOR) show good agreement
with the reference results, with deviations generally within acceptable engineering limits.
The model also reproduces the effects of steam and seawater temperatures on plant
performance. While deviations in distillate production and gain output ratio increase at
elevated steam temperatures, the agreement remains satisfactory within the practical
operating range of MSF desalination plants. The results demonstrate that the proposed
model provides reliable steady-state predictions with moderate computational effort.
Owing to its balance between physical realism and numerical simplicity, the model
represents a practical tool for simulation, parametric analysis, and preliminary
optimization of large-scale MSF desalination systems.
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Introduction

The multistage flash (MSF) process remains one of the most
reliable and mature desalination technologies, particularly in
regions such as the Middle East and the Mediterranean basin,
where freshwater scarcity is severe. Owing to its long
operational history, robustness, and ability to operate at very
large scales, MSF continues to play an important role in
large-scale water production, especially when integrated with
dual-purpose power—water plants or implemented in hybrid
configurations combined with reverse osmosis (RO).
Although MSF once accounted for more than 90% of global
thermal desalination capacity, recent assessments indicate
that it now represents around 17% of the total installed
desalination capacity worldwide [1,2]. Despite this decline,
MSF remains one of the dominant thermal desalination
technologies and continues to be strategically important for
countries that rely heavily on large-scale seawater
desalination. In Libya, where MSF has historically been the
predominant desalination technology, the country's total
installed desalination capacity is estimated at approximately
600,000 m3/day [3].

Recent studies have also explored the integration of
renewable thermal energy technologies with desalination
systems to improve energy efficiency and reduce
environmental impacts. Examples include solar thermal-
powered desalination systems and the use of Linear Fresnel
Collectors (LFCs) as sustainable heat sources for thermal
desalination processes [4,5]. Regardless of the heat source
employed, however, accurate mathematical models remain
essential for the simulation, design, optimization,
performance evaluation, and further development of MSF
desalination systems.

Over the past decades, several steady-state models have been
developed to describe MSF behaviour under different design
and operating conditions. These models are generally
classified into two categories. Simplified models rely on
idealized assumptions such as linear temperature profiles,
constant heat-transfer coefficients, and fixed brine properties.
These assumptions simplify the mass and energy balance
equations and make the models suitable for preliminary
design and performance estimation [6-9]. Such models
require relatively low computational effort and are widely
used for initial analysis of MSF plants. Rigorous models, on

the other hand, provide detailed stage-by-stage
representations of thermodynamic and heat-transfer
behaviour, although they require greater mathematical

complexity and computational effort. Representative
examples of both modelling approaches are widely reported
in the literature [10-15].

Soliman [7] developed one of the earliest simplified steady-
state models for MSF desalination plants, intended for rapid
performance estimation and preliminary optimization.
Although simplified, Soliman’s formulation retains the
essential characteristics of more complex models while
substantially reducing computational effort. The model is
based on several simplifying assumptions, including linear
temperature  profiles, constant overall heat-transfer
coefficients and thermophysical properties within each
section, constant latent heat of vaporization, and equal
distillate production in all stages. These assumptions permit
section-wise analysis rather than detailed stage-by-stage
calculations, resulting in a model that is straightforward to
implement and suitable for rapid performance estimation.
However, the assumption of constant thermophysical

properties limits the model accuracy, particularly in high-
temperature regions where seawater properties vary
significantly with temperature and salinity.

In contrast, Helal et al. [10] proposed a rigorous stage-by-
stage tridiagonal model (TDM) capable of representing the
detailed thermodynamic and heat-transfer behavior of MSF
plants under realistic operating conditions. Their formulation
applies a systematic linearization procedure to the strongly
nonlinear governing equations, producing a matrix system
that can be solved iteratively for stage temperatures and flow
rates. Although the TDM model improves predictive
accuracy, the large number of equations and variables
increases the mathematical complexity and computational
effort required for implementation and analysis.

Recent studies demonstrate that both simplified section-wise
models and rigorous stage-wise formulations continue to be
actively applied in MSF simulation, optimization, and
performance analysis. Abduljawad and Ezzeghni [16]
employed simplified steady-state  formulations  for
optimization of the Tajoura MSF plant, while Abujazyah [17]
developed a linearized stage-wise model based on a
tridiagonal matrix formulation for an operating Libyan MSF
plant. Hassanean et al. [18] developed a steady-state
simulation model for an MSF brine-circulation desalination
plant in which the nonlinear governing equations were
linearized and arranged in tridiagonal matrix form to predict
stage temperatures, flow rates, and plant productivity.
Rigorous steady-state frameworks have also been
implemented in advanced simulation environments such as
gPROMS for performance prediction and fouling analysis
[19,20]. In addition, Al-Fulaij [21] developed steady-state
and dynamic models for MSF-OT and MSF-BR systems
using formulations derived from Helal’s methodology. These
studies confirm that both Soliman-type simplified models and
Helal-type rigorous formulations remain relevant for
contemporary MSF analysis, particularly for simulation,
optimization, and operational studies.

However, despite these developments, there remains a need
for computationally efficient models that incorporate
improved thermophysical-property representation without the
full complexity of detailed stage-wise formulations.

The present work aims to bridge the gap between simplified
section-wise models and rigorous stage-wise formulations.
The proposed model retains the computational simplicity of
the section-wise approach originally introduced by Soliman
while incorporating selected rigorous thermodynamic
features inspired by the TDM methodology of Helal et al.

In particular, the model relaxes the assumptions of constant
specific heat capacity and constant latent heat of vaporization
by accounting for the variation of thermophysical properties
with temperature and salinity. In addition, boiling-point
elevation (BPE), non-equilibrium allowance (NEA), and
demister temperature losses are incorporated explicitly into
the formulation. To preserve computational efficiency, the
assumptions of linear temperature profiles and section-wise
averaged heat-transfer coefficients are retained, allowing the
governing equations to be formulated on a section basis
rather than a stage basis. The resulting nonlinear equations
are subsequently linearized using a modified TDM-based
procedure adapted for the reduced section-wise formulation.
Consequently, the proposed model provides a practical
compromise between physical realism, predictive capability,
and computational simplicity, making it suitable for steady-
state simulation, parametric analysis, and preliminary
optimization of MSF-BR desalination systems.
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To the authors’ knowledge, the combination of a reduced
section-wise MSF  formulation, temperature-dependent
thermophysical properties, and a TDM-inspired linearization
framework within a single steady-state model has not been
previously reported. The detailed derivation of the governing
equations, linearization procedure, and numerical solution
method are presented in the following sections.

Process description

A schematic diagram of the brine-recycle multistage flash
(MSF-BR) desalination plant considered in the present study
is shown in Fig. 1. The process consists of three principal
sections: the heat recovery section, the heat rejection section,
and the brine heater. The plant configuration incorporates
brine recycle circulation together with cooling seawater
intake and reject seawater discharge.

Cooling seawater enters the heat rejection section at
temperature T, and flow rate Wr. As it flows through the
condenser tubes of the rejection stages, it absorbs heat
released by the condensing flash vapor and leaves the
rejection section at temperature Tr,. The outlet stream is then
divided into two parts: a reject seawater stream W,
discharged back to the sea, and a make-up seawater stream F,
which is directed to the mixing point.

The make-up seawater stream mixes with the recycle brine
stream R returning from the final stage of the plant. The
combined stream, denoted by W, enters the heat recovery
section at temperature Tr,. As the stream flows through the

condenser tubes of the recovery stages, it is progressively
heated by condensation of flash vapor generated from the
flashing brine flowing through the stages. Consequently, the
cooling brine temperature increases gradually along the
recovery section and leaves at temperature T, .

The heated brine stream then enters the brine heater, where
external steam at saturation temperature Tg supplies the
thermal energy required to raise the brine temperature to the
top brine temperature Ty, . The heated brine subsequently
enters the first flashing stage, where the pressure reduction
causes partial flashing of the brine and generation of vapor.
The generated vapor passes through demisters to remove
entrained brine droplets before condensing on the outer
surfaces of the condenser tubes, thereby producing distillate.
The remaining brine flows successively through stages
operating at progressively lower pressures and temperatures,
generating additional flash vapor in each stage. The
condensed vapor from all stages is collected as the distillate
product stream.

The concentrated brine leaving the final stage of the rejection
section is divided into two streams: the blowdown stream B,
which is discharged from the plant to control salinity, and the
recycle brine stream R, which returns to the mixer and
combines with the incoming make-up seawater. The process
therefore operates as a closed brine-recycle system in which
thermal energy recovery within the recovery section
significantly reduces steam consumption in the brine heater.
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Figure 1: Schematic diagram of a brine-recycle multistage flash desalination process

Mathematical Model

A steady-state mathematical model of the MSF brine-recycle
(MSF-BR) desalination plant shown schematically in Fig. 1
is developed in this section. To simplify the analysis while
preserving the essential physics of the process, the following
assumptions are adopted:

e Linear temperature profiles for all streams flowing
within the plant.

e Constant heat-transfer coefficient and heat-transfer
area within each section.

e Thermophysical properties of seawater—such as
specific heat capacity, latent heat of vaporization, and
boiling-point elevation—are treated as functions of
temperature and salinity.

o The distillate is salt-free, and each stage produces an
equal distillate flow rate.

e Heatlosses to the surroundings are negligible.

The first three assumptions constitute the core of the present

section-wise modeling approach and are justified as follows:
The assumption of linear temperature profiles within each
section, originally introduced by Soliman, is supported by
both practical observations and detailed stage-wise
simulations, which consistently show a quasi-linear variation
of temperature with stage number. This behavior arises from
the uniformity of stage geometry (equal tube length,
diameter, and heat-transfer area) and the nearly uniform
temperature driving force across stages. The gradual
temperature rise of the cooling brine inside the tubes is
approximately balanced by the temperature decrease of the
flashing brine along successive stages, resulting in an overall
linear temperature distribution.

Closely related to this, the assumption of a constant heat-
transfer coefficient within each section enables the
aggregation of stage-wise heat-transfer relations into a single
section-wise equation. This simplification, also adopted in
classical models such as that of Soliman, is justified by the
relatively small variation in operating conditions between
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stages within the same section. In the present model, this
assumption is partially relaxed by evaluating the heat-transfer
coefficient at representative mid-section conditions, thereby
improving physical realism while preserving computational
simplicity.

The third assumption introduces a key refinement over earlier
simplified models by accounting for the dependence of
thermophysical properties on temperature and salinity. In
contrast to classical approaches that assume constant specific
heat capacity and latent heat of vaporization throughout the
plant, the present formulation evaluates these properties as
functions of local temperature and salinity conditions. This
enhancement improves the accuracy of predicted heat duties
and temperature profiles, particularly in high-temperature
regions such as the brine heater.

The remaining assumptions—namely, salt-free distillate
production with equal stage-wise yield, and negligible heat
losses—are standard in MSF modelling and are widely
accepted due to their minimal impact on overall plant
performance predictions.

The governing equations are formulated by applying overall
mass, salt, and energy balances to the recovery, rejection, and
brine-heater sections. The overall heat-transfer rate between
the flashing vapor and the cooling brine in each section is
evaluated by first applying the heat-transfer equation at the
last stage of the section, and then multiplying the resulting
duty by the number of stages in that section.

The temperature dependencies of the boiling-point elevation
(BPE), non-equilibrium allowance (NEA), and the
temperature drop across the demister at the last stage of each
section are incorporated to determine the temperature
differences between the flashing brine and the condensed
vapor leaving the section (Tp, and Tp,).

Governing Equations

Mass and salt balances

Recovery section

The overall mass balance

W = Bl + Dl (1)
The corresponding salt balance
WCBO = B].CB:L (2)

Rejection section
The total mass balance is:

Bl+D1=BZ +D2 (3)
The salt balance is:
31631 =B, CB2 4

Energy balances

Recovery section

The overall energy balance is expressed as:

W Sg (T, = Tr,) =W Sp, (T, — T*) — Dy Sp, (Tp, —

T*) — By Sp, (Tp, — T*) (5)
Recovery condenser energy balance
w SR(TF1 - TFZ) = AgD; (6)

Rejection section
Wr S (Tr, = Tr,) = By Sp, (Ts, = T*) +
D, Sp, (Tp, = T*) = Dy Sp, (Tp, — T*) —

Bz SBZ (’I"B2 - T*) (7)
Rejection condenser energy balance
WT S](TF3 - TF4) = }{]Dz (8)

where S; denote the effective specific heat capacities of the
corresponding streams, evaluated at the average section
temperatures.

Heat transfer relations

Recovery Section

W Si(Tr, = Tr,) = Ng Ug Ag AT ©)
Where the logarithmic mean temperature difference is:
_ (Tr,-TF,)/Nr
ATlm,R -

in —TDl_TFZ
TI:~1—TI;-2
Tp1=\Try* NgR

The logarithmic mean temperature difference in Eq. (9) is
derived based on the assumption of a linear temperature
profile along the recovery section, which implies equal
temperature drops across all recovery stages. Accordingly,
the temperature drop per stage is given by

(Tr, — Tr,)/Ng

where Ny, is the number of recovery stages.

The lower temperature-difference limit corresponds to the
inlet temperature of the last recovery stage, Tr,, while the
upper limit is obtained from the linear-profile assumption as

Hence, the temperature difference at the last stage becomes

(L

R NR

which forms the numerator of the logarithmic mean
temperature difference expression. The denominator is
obtained from the ratio of the inlet and outlet stage
temperature differences associated with the condensation
temperatures outside the tubes.

Rejection section

Wy S;(Tp, = Tr,) = N, Uy A; ATy (10)
where:
ATy, = Ty Tea) My
n Tp,-TF
Brine heater
— (TBO_TFl)
W Sy(Ts, — Tr,) = Uy Ay Ty (11)
o <TS—TBO>
Mixing and splitting relations
Mass balance on blowdown splitter
B, =B, —R (12)
Mass balance on reject seawater splitter
F=W,-W, (13)
Mixer mass balance
W=F+R (14)
Mixer salt balance
WCg, =R Cp, + F Cp (15)

Mixer energy balance

WSy (Tr, = T*) = RSgy(Ts, = T*) + F Sg(Ts, — T*) (16)
Temperature Relations

The brine and distillate temperatures are related by:
Ts, = Tp, + BPE; + NEA, + 4,

Ts, = Tp, + BPE, + NEA, + 4,

where

BPE; = Boiling point elevation

NEA; = non-equilibrium allowance

Ai = Temperature loss across the demister

The process flow diagram shown in fig.1 provides the
physical basis for the formulation of the governing equations.
Each stream and control volume identified in the figure
corresponds directly to the mass, salt, and energy balance
equations presented in this section, in particular, the recovery

17
(18)
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and rejection sections illustrated in Fig. 1 form the basis for
Egs. (1)-(8), while the brine heater and mixing units
correspond to Egs. (11) and (16), respectively. This direct
correspondence ensures consistency between the physical
process representation and the mathematical formulation of
the MSF-BR system.

Model linearization

The governing equations of the MSF-BR model are inherently
nonlinear due to the strong coupling between temperatures,
flow rates, and thermophysical properties. These
nonlinearities arise primarily from the temperature
dependence of physical properties and the logarithmic nature
of the heat-transfer relations. To obtain a computationally
efficient solution, the present study adopts the linearization
approach proposed by Helal et al. in their TDM (Tri-Diagonal
Model) formulation.

In this approach, the nonlinear system is linearized by
selecting a set of primary unknown variables. All remaining
variables, including thermophysical properties, flow rates,
and intermediate temperatures, are incorporated into
coefficients evaluated using values from the previous
iteration. These coefficients are therefore treated as constants
within each iteration step and constitute the coefficients of the
linearized equations. The resulting linear system is solved,
and the updated temperature values are subsequently used to
recompute the coefficients. This iterative procedure continues
until convergence is achieved.

This approach significantly simplifies the numerical solution
while preserving the essential nonlinear characteristics of the
system through iterative coefficient updates.

Selection of Linearization Variables

For the brine-recycle MSF system, the following temperatures
are selected as the primary unknowns:

Ty + Trys T, » T,

These variables were selected because they represent the key
thermal states of the heat transfer processes in the subsequent
sections of the plant, as well as the mixing point, thereby
interconnecting the linearized equations, where each equation
combines at least two or three successive primary variables of
the linearized system. Furthermore, the other plant
temperature profiles (brine and distillate temperatures) are
related to these primary temperatures through heat transfer
and temperature-loss relations; hence, once these primary
temperatures are determined, all other system temperatures
can be obtained.

The remaining variables, including flow rates, thermophysical
properties, are expressed in terms of these selected variables
and the related plant temperatures, which are incorporated
into lumped coefficients evaluated during each iteration.
Linear System Formulation

The following governing relations are selected as the basis of
the linearized system:

o Overall energy balance on the recovery section (Eq. 5)

o Overall energy balance on the rejection section (Eq. 7)

o Heat-transfer equation in the brine heater (Eq. 11)

o Energy balance on the mixer (Eq. 16)

After linearization, these relations yield a system of four
linear algebraic equations of the general form:

Once the coefficients are fixed, the resulting linear system is
solved simultaneously to obtain updated values of the selected
variables. All remaining model variables are then determined
using the corresponding governing relations. The procedure is
repeated until convergence is achieved. The iterative solution
is considered converged when the sum of squared differences
between successive brine-temperature iterations becomes less
than10°°.

The selection of a section-wise formulation, rather than a
detailed stage-by-stage representation, is motivated by the
need to reduce computational complexity while maintaining
sufficient physical accuracy. In this approach, the thermal
behavior of each section is represented by averaged properties
and lumped parameters, which significantly reduces the
number of governing equations. This simplification is
particularly advantageous for iterative solution procedures
and parametric studies, while still preserving the dominant
heat- and mass-transfer characteristics of the MSF process.
Development of the Linearized Model

The linearization procedure starts by rearranging the heat-
transfer relations for the recovery and rejection sections, Egs.
(9) and (10), in order to express the distillate temperatures Tp,
and Tp, as linear functions of the selected temperature
variables Tg,, Tr,, Tr, and T, . This yields

Tf Nr ap—1
T, =——+—=-—"F"T, 20
Dy Ve an T v an Fs (20)
_ _"Fs Nja -1
TDZ T Nja Nja TF4 (21)
J % J %

Where ap and a; are evaluated from condition of previous
iteration and are defined as follows:

ag = 1— EXP (ﬁ) 22)
o =1 EXP (%) 23)
T ]

Based on the latest available numerical values, the boiling-
point elevation, non-equilibrium allowance, and demister
temperature loss are treated as constants during each
iteration. Thus, Egs. (17) and (18) The brine and Distillate
temperatures relations become:

TB1 = TD1 +7Z, (24)
T, = Tp, + Z, (25)
Where

Z, = BPE, + NEA, + A, (26)
Z, = BPE, + NEA, + A, 27

Linearized Energy Balance: Recovery Section
Rearranging the overall energy balance for the recovery
section, Eq. (5), gives

TFl - TFZ = aZRTBO - a3RTD1 - a4RTBl + asR (28)
Where
_ Wsg, _ DiSp,
Gog = W Sp Asp = W SR
_ Bi1Sp; o _
Aig = g as, =T (a4R +as, aZR)

Substituting Eq. (24) into Eq. (28) yields:
TFl - TFZ = blRTBO + bZRTD1 + b3R
With

(29)

bZR = _(a3R + a4R) )
b3R = a5R - a4RZ1.
Eliminating Tp, using Eq. (20), the recovery-section energy

blR = aZR,

C,. Ty +C,. Ty, +C3.Tp, +C,.Tp, = Cs, (19) balance becomes:
j~ Bo jorL e J "3 . —
where the coefficients C;; are functions of flow rates and ~ CigTey T C2rTr, + C3Tr, = Csp (30)
thermophysical properties evaluated from the previous Where b
iteration and are therefore treated as constants within each C. =b C, = <i_ 1)
. . 1R 1p 2R )
iteration step. Ngag
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b,
CBR=(1+b2R_NR>' C5R=—b3R

RAR
Linearized Energy Balance: Rejection Section
Similarly, rearranging the overall energy balance for the
rejection section (Eg. 6) yields:

TF3 - TF4, = alIT'D1 + aleBl - a3]TD2 - a4]TB2 + a5] (31)
Where
_ D1Sp, _ B1Sp,
1y Wt S5 C Wt S5
_ D2 5Sp, _ B2Sp,
31 Wt Sj 4 T Wt Sj
as; =T° (a31 t Ay —ay aZJ)
Substituting Eqgs. (24) and (25) gives
TF3 - TF4_ = bl]TDl + bZJTDZ + b3] (32)
With
b1]=a1]+a2], b2]=—(a3]+a4]),

b3] = a5] + azjzl - a4]ZZ.
Eliminating Tp,, and Tp, using Egs. (20) — (21), the rejection-
section energy balance becomes:

C, ]TF1 + G5 ]T,,2 +C, ]T,,3 = Cq ; (33)
Where
B blj e (s blj
217 Npag’ 35\l _NRaR ’

= (5 -2)
47 — - )
/ bNJa]
2j
CS] = (W - sz - 1) TF4_b3].

Linearized Energy Balance: Brine-Heater
The linear form of the brine heater equation is obtained by
rearranging Eq. (11) as:
ClHTBO + CZHTF1 = CSH
with

€, =1, Copy=(ay—1), Cs,=ayTs
Where a, is evaluated from condition of previous iteration

and is defined as follows:

-Ug A
ay = 1— EXP (ﬁ)
Linearized Energy Balance: Mixer
Starting from the energy balance on the mixer (Eg. 16), and
substituting Egs. (25) and (21) to eliminate Ty, and T),, the

mixer energy balance is linearized as:

(34)

(35)

C3MTF2 + C4MTF3 = CSM (36)
where
Cy, = WS ¢, =—(Fs, + 330
3 — w» M F N]a] 4
C. =b. + M
SmM — Fy»
M m N](Z] 4

by = @y + RSgyZ;,

@y = (WSy, — RSgy, — FSg)T™.
Overall Matrix Form
The complete linearized system is expressed in matrix form:
[ 1 Cy O 0 ] [TBO] Csy,
Ci, Cp GC3 O ITFll 3 ICSRI
l 0 0 G C4MJ X lTFZJ = |Cs,,

0 CZI C31 C41 TF3 lCSIJ

Numerical solution procedure
The numerical solution procedure adopted in this study is

summarized in Algorithm 1. The required plant design and
operating parameters (Wr, R, W¢,Tg,, Ts,Crp) are first

37)

specified. Initial estimates are assigned for the cooling brine,
distillate and flashing-brine temperatures together with the
corresponding brine concentrations.
The overall mass balances on the reject seawater splitter and
mixer are then solved to determine the main flow rates. The
mixer salt balance is subsequently solved to determine the
cooling-brine salinity entering the last recovery stage.
Section-wise mass balances are subsequently applied to
calculate distillate and brine flow rates. Heat-transfer
parameters and linearization coefficients are evaluated, and
the corresponding linear algebraic matrix coefficients are
assembled. The resulting linear algebraic system is solved
simultaneously to obtain updated values of the cooling-brine
and top-brine temperatures. The distillate and brine
temperatures are then recalculated.
The solution procedure is repeated iteratively until
convergence of the brine temperatures is achieved. Upon
convergence, the final temperature profiles, flow rates, and
performance parameters are obtained.
Algorithm 1. Numerical solution procedure for the MSF-
BR desalination plant
Input data
Read plant and feed parameters: Wr, R, W, Tg,, Ts, Cp
Initialization
Assume initial values for
Ts Tey» Trys Ty Ty Ty Toys T,y Caye
Step 1: Overall balances
Apply (13-14) to evaluate F, W.
Step 2: Mixer salt balance
Apply Eqg. (15) to update the flashing brine salinity entering
first recovery stage Cp, .
Step 3: Section mass balances
Solve Egs. (6) and (8) to compute D,, D, and apply Egs. (1)-
(4) to compute B;, B, and corresponding concentrations
Cg,, Cg,.
Step 4: Heat-transfer evaluation
Evaluate Z;,Z,,Ug, U; and Uy, then calculate ag, a; and ay.
Step 5: Coefficient evaluation
Compute coefficients: a;,, a;;, ay, b
Step 6: Matrix assembly
Form the linear system coefficients C,, C;,, Cs,, Csp,
C2;,C3,,Cy ), Cs)y Cryy Copy Coyyy Cayy Capyy Gy
Step 7: Matrix solution
Solve the linear system Eq. (37) to obtain updated values of:
Tsyr Try Trys Ty -
Step 8: Temperature update
Calculate T, and T), using Egs. (20)-(21).
Step 9: Brine-temperatures update
Extract new values of Ty , Ty, using Egs. (24)-(25).
Step 10: Convergence check If:
2

2y (T —Tgie)” < 1070
The solution is considered converged when the cumulative
squared temperature residual becomes less than 10°;
otherwise, return to Step 2..
Step 11: Output results
Report all temperatures, flow rates, salinities, and
performance indicators.
The numerical procedure was found to be numerically stable
and converged within a few iterations for all operating
conditions investigated. The reduced section-wise formulation
significantly decreases the computational effort compared
with detailed stage-wise models.

iR’ bi]‘ bM
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Model Application and Validation

In the present work, the developed steady-state model is
applied to evaluate the performance of a brine-recycle
multistage flash (MSF-BR) desalination system. The
specified operating variables include the recycle brine flow
rate R, the seawater intake flow rate W;, the rejected cooling
seawater flow rate W, and the steam saturation temperature
T, which together define the operating condition of the MSF-

BR plant.
Start

!

Read input values of W, R, W, TRI, Ts, Cr

!

Initialize variables

4

Solve Reject seawater splitter and Mixer mass

4

Solve Mixer salt balance

]

Compute section flow rates and concentrations

1

\ Evaluate heat-transfer parameters (U,a,Z) J

!

‘ Calculate linearization coefficients ‘

L

Assemble matrix coefficients

|

Solve matrix equation to obtain updated values of

1

" Update temperatures T, Ty,

|

lyes

Qutput results: temperatures, flow

Il
L

Figure 2: Flowchart of the numerical solution procedure for the
steady-state MSF-BR model

Based on these inputs, the model computes the flow rates,
temperatures, and salinities of all streams throughout the
recovery section, rejection section, and brine heater.
Accordingly, key performance indicators such as distillate
production rate, specific heat consumption, and gain output
ratio (GOR) are evaluated.

The mathematical model was implemented in a FORTRAN
program. The numerical solution is obtained through an
iterative procedure in which the linearized governing
equations are solved repeatedly, and the thermophysical

properties are updated at each iteration step. Convergence is
achieved when the prescribed tolerance is satisfied. The
overall solution algorithm is illustrated in Fig. 2, where mass
and energy balances, heat-transfer relations, and property
correlations are solved in a coupled manner.

Thermophysical properties of seawater and brine are
evaluated using the correlations provided in Appendix A.
Model Validation

The proposed steady-state model was validated using the
brine-recycle cross-tube multi-stage flash (MSF) desalination
plant reported by Rosso et al. [16], which was originally
based on the benchmark configuration introduced by Helal et
al. [12].

The reference plant has a nominal production capacity of 5
MGD and consists of 16 stages, including 13 stages in the
heat-recovery section and 3 stages in the heat-rejection
section. Owing to the availability of detailed operating and
design data, this configuration has been widely adopted in the
literature as a benchmark for validating MSF performance
models.

The operating conditions, heat-transfer areas, tube
geometries, fouling factors, and seawater properties used in
the present validation are summarized in Table 1. All
parameters were taken directly from the published reference
data and were applied without adjustment to ensure a
consistent and unbiased basis for comparison.

Table 1. Plant design and operational data

Parameter Value Unit
Specified operating variables

Make-up seawater flow rate, Wy 11.3 x 10° kg-h!

Reject cooling seawater flow rate, W, 5.62 x 10° kg-h!

Brine recycle flow rate, R 6.35x 106  kg'h!

Steam saturation temperature, T 96.6 °C

Seawater inlet temperature 35 °C

Seawater salinity 5.60 wt.%
Heat-transfer areas

Recovery section (per stage) 3995 m?

Rejection section (per stage) 3530 m?

Brine heater 3530 m?2

Tube characteristics

Heat-recovery section tube length 12.2 m
Heat-rejection section tube length 10.7 m

Brine heater tube length 12.2 m

Number of tubes (each section) 4300 -

Tube material (recovery) Cu-Ni90-10 -

Tube material (rejection) Titanium -

Tube material (brine heater) Cu-Ni70-30 -

Fouling factors

Recovery section 1.4x107*  h-m*K-kcal™
Rejection section 233x 1075  h-m*K-kcal™
Brine heater 1.86 x 107*  h-m?-K-kcal™

Flow Rates and Salinity Validation

A comparison between the predicted flow rates and salinities
and the reference results of Rosso et al. (1997) is presented in
Table 2. The predicted brine flow rates at the outlets of the
recovery and rejection sections show very close agreement
with the reference values, with deviations not exceeding
0.4%. Similarly, the predicted distillate production rates
differ by approximately 3.5-4.2%.

These deviations are within the range commonly reported for
steady-state MSF simulations and may be attributed to
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differences in thermophysical-property correlations, heat-
transfer representations, and fouling-factor evaluation
between the present model and the reference formulation.

Table 2: Comparison of predicted and reference flow rates and
salinities

the predictions of the present model are plotted together with
the reference results reported by Rosso et al., allowing direct
visual validation of model performance under identical
operating conditions.

Table 4: Comparison of heat-transfer coefficients and performance
indicators

Variable Present model Ro(slsgge;)al. Deviation (%)
W (kg-h™). 1.2030 x 107 1.203 x 107 0.00
B; (kg-h™). 1.1221x 107 1.125 x 107 -0.26
B, (kg-h™). 1.1056 x 107 1.110 x 107 -0.39
D, (kg-h™). 8.089x10° 7.780 x 10° +3.96
D, (kg-h"). 9.737x 105 9.341 x 105 +4.23
Cp, Yowt 6.211 6.319 —-1.70
Cp, Yowt 6.695 6.727 +0.48
Cp, Yowt 6.758 6.832 +1.08

Parameter Present Rosso etal.  Deviation
model (1997) (%)
Ug (kcal-h-m2-°C1)  2218.4 2231.7 -0.60
Uy (kcal-h*-m2-°C™) 2731.7 2905.9 -5.99
Uy (kcal-h™'-m2-°C™) 2075.9 2040.9 +1.73
Steam flow rate (kg-h™') 133164.9 134898.1 -1.28
Gain output ratio (GOR) 7.31 6.92 +5.63

Temperature Validation

Table 3 presents the comparison of predicted temperatures
with reference data. Excellent agreement is observed across
all sections. Inlet brine temperature to the brine heater and the
top brine temperature are reproduced with deviations below
0.4%, indicating that the thermal behavior in high-
temperature regions is accurately represented. Outlet
temperatures of the recovery and rejection sections also show
deviations below 0.2%, demonstrating reliable prediction of
axial temperature profiles under steady-state conditions.

Table 3: Comparison of predicted and reference temperatures

Variable Present model  Rosso et al. (1997) De\(/(')j:)t)'on
Tr, (°C) 83.66 83.33 +0.39
Tg,°C . 42.87 4291 —-0.09
Tr, (°C) 43.90 43.97 —-0.16
Tp, (°C) 89.99 89.74 +0.28
Tp, (°C) 50.23 50.33 -0.20
Tg, (°C) 41.93 41.97 -0.10
Tp, (°C) 48.65 48.73 —-0.16
Tp, (°C) 40.00 40.07 -0.18

Heat-Transfer Coefficients and Performance Indicators
Table 4 compares the predicted average heat-transfer
coefficients and overall performance indicators with the
reference data. Predicted heat-transfer coefficients in the
recovery, rejection sections, and brine heater show good
agreement, with deviations generally below 6%. The steam
flow rate is slightly lower, while the gain output ratio (GOR)
is slightly higher than the reference. These differences reflect
small variations in distillate production and heat-transfer
calculations, particularly in the rejection section, but remain
within acceptable engineering accuracy.

The overall agreement between the present predictions and
the benchmark data demonstrates that the proposed section-
wise formulation is capable of reproducing the principal
thermal and hydraulic characteristics of MSF-BR
desalination systems with satisfactory engineering accuracy.
Effect of Operating Temperatures and Model Validation
Figures 3-8 present the effect of heating steam temperature
and seawater inlet temperature on key performance
parameters of the MSF-BR desalination system. In all cases,

Effect of heating steam temperature

Figure 3 illustrates the variation of the top brine temperature
(TBT) and brine blowdown temperature (BBT) with
increasing steam temperature. Both temperatures increase
with steam temperature due to the higher thermal energy
supplied in the brine heater. The predicted curves closely
follow the reference data, reproducing the stronger sensitivity
of TBT to steam temperature, while BBT exhibits a
comparatively weaker response.

130
120
110
Rosso et al. (TBT)
100
% Present work

80

70 —8—Rosso et al. (BBT)

Brine temperature (°C)

60
Present work
50

40 - -

30
80 90 100 110 120 130 140

Steam temperature (°c)

Figure 3: Effect of steam temperature on top brine temperature
(TBT) and brine blowdown temperature (BBT)

The effect of steam temperature on the distillate production
rate is presented in Figure 4. The results indicate that distillate
production increases with increasing steam temperature,
consistent with the thermodynamic behaviour of MSF
systems. This increase is attributed to enhanced vapor
generation at higher brine temperatures, leading to higher
freshwater production.

The predicted trend follows the same general behaviour as the
reference data; however, a noticeable deviation is observed,
which increases with increasing steam temperature. At lower
temperatures, the deviation remains relatively small
(approximately 3-5%), while at higher steam temperatures it
increases to about 6-8%, with the predicted distillate flow
rate becoming progressively higher than the reference values.
This deviation can be attributed to differences in model
formulation, particularly the section-wise representation
adopted in the present model compared with the stage-by-
stage approach of the reference model. These differences may
lead to a slight accumulation of deviations in the estimation of
vapor generation across the flashing stages, resulting in a
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slight overprediction of distillate production at elevated
temperatures.

The variation of the gain output ratio (GOR) with steam
temperature is illustrated in Figure 5. The results show that
GOR increases with increasing steam temperature, reflecting
improved thermal utilization within the system. The predicted
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Figure 4: Effect of steam temperature on distillate production rate
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Figure 5: Effect of steam temperature on gain output ratio (GOR)

trend exhibits an approximately linear increase over the
investigated temperature range, whereas the reference data
shows a slightly lower rate of increase. Consequently, a
noticeable deviation between the predicted and reference
values develops, becoming more pronounced at higher steam
temperatures.

Quantitatively, the deviation in GOR is relatively small at
lower temperatures (about 5-7%) but increases significantly
at higher steam temperatures, reaching approximately 13—
16%. This behavior is consistent with the trends observed in
Figure 4, where the present model slightly overpredicts the
distillate production at elevated temperatures. Since GOR is
directly proportional to the distillate flow rate, this leads to
higher predicted GOR values.

It should also be noted that the larger deviations occur at
relatively high steam temperatures, which correspond to
operating conditions beyond the typical industrial range due
to scaling limitations on the top brine temperature. Within the
practical operating range, the agreement between the present
model and the reference data remains satisfactory within the
low-to-moderate steam temperature range.

Effect of sea water temperature

Figures 6-8 illustrate the effect of seawater inlet temperature
on key performance parameters of the MSF-BR desalination
system. The results show that variations in seawater

temperature significantly influence system thermal conditions
and performance. As the seawater temperature increases, the
brine blowdown temperature (BBT) increases noticeably,
while the top brine temperature (TBT) remains relatively less
sensitive, reflecting the dominant role of the brine heater in
controlling the upper temperature limit.
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Figure 6: Effect of sea water temperature on top brine temperature
(TBT) and brine blowdown temperature (BBT)
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Figure 7: Effect of sea water temperature on distillate production
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Figure 8: Effect of sea water temperature on gain output ratio
(GOR)

The distillate production rate decreases with increasing
seawater temperature, which is consistent with the reduced
temperature driving force for heat transfer and flashing. The
predicted values show good agreement with the reference
data, with deviations generally within about 2-6% over the
investigated temperature range. A slight overprediction is
observed at higher seawater temperatures; however, the
overall trend and slope are well captured by the model.
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Similarly, the variation of the gain output ratio (GOR) with  symbol Description Units
seawater temperature exhibits a weak and non-linear recovery section
dependence. The predicted GOR values are consistently Heat-transfer area ber stage in the
higher than the reference data, with deviations ranging 4, rejoction section perstag m?
approximately from 4% at lower temperatures to about 7% at . B
higher temperatures. Despite this offset, the model B Brine flow rate kg'h
successfully reproduces the overall trend and the relatively p p p Brine flow rates at different plant -},
low sensitivity of GOR to seawater temperature. locations
Overall, the comparison confirms that the model accurately Cs Brine salinity wt.%
reproduces the sensitivity of MSF system performance to  Cp,Cp,Cp . - . .
variations in seawater inlet temperature. The close agreement ’ ’ Brine salinity at specified sections we.%
with the reference results, particularly in terms of trend and Feed seawater concentration, mass .
magnitude, indicates that the adopted formulation provides a Cr fraction W%
reliable representation of the thermodynamic behavior of the p Distillate flow rate kg-h!
system und.er varying intake conditions. D,,D, Di_stil!ate progiuction in recovery and o
Conclusion rejection sections &
A steady-state mathematical model for brine-recycle F Make-up seawater flow rate kgh!
multistage flash _(MSF-BR) desalination plan_ts has b_een GOR Gain output ratio B
developed and validated. The proposed formulation combines L Tube length
the computational efficiency of a section-wise approach with ube fengt m
improved physical realism through the incorporation of N Number of stages -
temperature-dependent  thermophysical ~ properties.  This Number of stages in the recovery
improves the prediction of heat-transfer processes and K section
temperature distributions while avoiding the complexity Number of stages in the rejection
associated with fully stage-by-stage models. / section
The model was implemented in a FORTRAN environment R Recycle brine flow rate kg-h™
and applied to a reference 5 MGD MSF-BR desalination . ) keal-kg™!
plant. Validation against published data demonstrated good S Mean specific heat capacity K
agreement for flow rates, temperatures, salinities, and heat- . . . keal'kg!
transfer coefficients. The model also reproduced the observed ~ Se Mean specific heat capacity of brine .,
parametric trends associated with variations in steam and Mean specific heat capacity of keal kg
seawater temperatures. Although a slight overprediction of Sp distillate K
distillate production and gain output ratio (GOR) was Mean specific heat capacity of make- kcal-kg™!
observed at elevated steam temperatures, the agreement Sr up seawater K
remained satisfactory within the practical operating range of Mean specific heat capacity of cooling keal kg '
MSF systems. . _ 5 brine (rejection section) K
The results confirm that the proposed formulation reliably M . . : o
. ean specific heat capacity of cooling kcal kg
captures the coupled heat- and mass-transfer behavior of  Sg brine (recovery section) K
MSF-BR desalination systems under steady-state conditions. Mean specific heat capacity of recvcle keal-ke !
The adopted section-wise representation significantly reduces  Szy brine P pactly Y K &
computational effort while preserving the dominant ific heat ity of cooling keal ke
thermodynamic characteristics of the process. In addition, the s, t'\J/lriena:astpiiﬁ:atlfec%?/e?ap:;clt%ﬁ cooling P
incorporation of variable thermophysical properties improves y
prediction accuracy compared with conventional simplified T Temperature °C
models that assume constant properties throughout the plant. T Brine temperature °C
Owing to its balance between predictive capability and Tp Top brine temperature (TBT) °C
computational simplicity, the proposed model provides a Brine temperatures leaving recovery
practical tool for simulation, performance evaluation, T, T, and rejection sections c
parametric analysis, qnd _prellmlnary optimization of existing T, Distillate temperature oC
and future MSF desalination plants. Distillate temperatures leavin
Despite the satisfactory agreement obtained with published  Tp,,Tp, recovery and rr)ejection sectiongs °C
reference data, further validation using industrial plant
measurements would be beneficial, particularly under high- Tr Cooling seawater temperature °C
temperature operating conditions where publicly available . . .
experimental data remain limited. Such validation would  T,,T,Ts, Ty, i(i]?gtlér;gn-ggﬂtelgfsmperatures atsection o
support further assessment and refinement of the model for )
practical large-scale desalination applications. T, foatlﬁga;ﬁ?nztehae':t::mperature supplied o
Nomenclature . Reference temperature for energy oc
Roman Symbols balance
Symbol Description Units U Overall heat-transfer coefficient kcill,h 11
A Heat-transfer area m? o me Cl
Ay Heat-transfer area of the brine heater m? Ug ;iz:it;)tr:ansfer coefficient in recovery ll;cil ohc,l
Ap Heat-transfer area per stage in the m?2
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Symbol Description Units Sustainability (ieCRES), 08-09 May 2023, Gaza, Palestine.

https://doi.org/10.1109/ieCRES57315.2023.10209513

U, Heat-transfer coefficient in rejection kcill)h il [5] H. El-Khozondar, et al. “Linear Fresnel collector (LFC) for
section m-°C enhancing solar water desalination process.” In 8th
U Heat-transfer coefficient in brine kcal-h™*- International Engineering Conference on Renewable Energy
" heater m>-°C™! & Sustainability (ieCRES), 08-09 May 2023, Gaza, Palestine.
W Coo“ng brine mass flow rate (recovery I https//d0|0rg/ 10.1109/ieCRES57315.2023.10209535
section) g [6] A. Coleman. "Optimization of a single effect, multi-stage flash
. - distillation desalination system." Desalination, vol. 9, pp. 315—
W, ge"c?l'é?]? seawater flow rate (rejection 331, 1971. https://doi.org/10.1016/0011-9164(71)80002-4
) [71 M. Soliman. "A mathematical model for MSF multi-stage flash
W Steam flow rate to the brine heater  kg'h™ desalination plants." Journal of Engineering Sciences, vol. 7,
Greek symbols no. 2, pp. 143-150, 1981.
Symbol Description Units [8] M. Darwish. "Thermal analysis of multi-stage flash desalting
- . system." Desalination, wvol. 85, pp. 59-79, 1991
Qipr @iy Gy Intermediate coefficients https:/doi.org/10.1016/0011-9164(91)85147-M
synthesis: The multi-stage flash desalination system."
Cigr Linearization coefficients Desalination, vol. 115, pp. 155-179, 1998.
Cip Ciypy Gy, https://doi.org/10.1016/S0011-9164(98)00035-6
A Latent heat of vaporization of water keal kg™ [10] A. Helal, M. Medani, M. Soliman, and J. Flower. "Tridiagonal
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o i - Computers & Chemical Engineering, vol. 10, no. 4, pp. 327—
parameterType equation here. 342, 1986. https://doi.org/10.1016/0098-1354(86)87003-X
A Temperature loss across the demister  °C [11] A. Hussain, A. Hassan, D. Al-Gobaisi, A. Al-Radif, A.
BPE Boiling point elevation °C Woldai, and g Somrrari\;a. "I:/Iodeling,ﬂ sri]mu(lation),
— o optimization and control of multistage flas MSF
NEA Non-equilibrium allowance ¢ desalination plants—Part 2: Modeling and simulation."
- Desalination, vol. 92, pp. 21-41, 1993.
Subscripts https://doi.org/10.1016/0011-9164(93)80074-W
0 Top brine or inlet condition [12] N. Aly, and A. El-Figi. "Thermal performance of seawater
1,2 Section or stage index desalination systems." Desalination, vol. 158, pp. 127-142,
. 2003. https://doi.org/10.1016/S0011-9164(03)00443-0
B Brine [13] H. El-Dessouky, H. Shaban, and H. Al-Ramadan. "Steady state
D Distillate analysis of multi-stage flash desalination  process."
= Feed seawater Desalination, ~ vol. 103, pp.  271-280,  1995.
H Brine heater https://doi.org/10.1016/0011-9164(95)00080-1
) [14] M. Rosso, A. Beltramini, M. Mazzotti, and M. Morbidelli.
R Recovery section "Modelling of multistage flash desalination plants."
J Rejection section Desalination, vol. 108, pp. 365-374, 1997.
; i https://doi.org/10.1016/S0011-9164(97)00046-5
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hp = (—=31.92 + 1.0011833T;, — 3.083326 x 10™5Ty>

+ 4.666663 X 10‘8TD3 + 3.333334
X 1071°T,*) x 1.8

hp= specific enthalpy of saturated water (kcal/kg)

Ty, = temperature (°F)

The factor 1.8 converts the correlation to kcal/kg.

Eq. (A.2). Superheated steam enthalpy

hy = (596.912 + 0.46694T — 4.60256 X 107*T?) x 1.8

h,, = specific enthalpy of superheated steam (kcal/kg)

T = temperature (°C)

Eq. (A.3). Latent heat of vaporization of wate

A=hy, — hy

A = latent heat of vaporization (kcal-kg™)

Eq. (A.4). Specific heat capacity of pure water

Sp, =1.0011833 — 6.1666652 X 107> T + 1.3999989 x

1077 T2 + 1.3333336x107° T3

Sp= specific heat of water (kcal/kg-°C)

T = boiling temperature of water (°F)

Eqg. (A.1). Heat capacity of brine

S, = [1 — CB(0.011311 — 1.146 x 1075 T}))]S,,

Sp, = specific heat of brine (kcal-kg™'-°C™)

Sp = specific heat of water (kcal-kg™'-°C™)

T,, = brine temperature (°F)

CB = salt concentration (wWt%)

CB(wt%) = C,(massfraction) x 100

Eq. (A.1). Density of brine

p =16.01846 (62.707172 + 49.364088 C,
— 0.43955304 x 1072 T,
— 0.032554667 C,T, — 0.46076921
X107 Ty % + 0.63240299
x107* C, T, ?)

p = brine density (kg:m3)

T, = brine temperature (°F)

Cy, = salt concentration (mass fraction)

Eqg. (A.7). Boiling point elevation (BPE)
BPE = (CT?/(266919.6 — 379.669 T
+ 0.334169 T?)) [565.757 /T
— 9.81559 + 1.54739 In(T)
— C (337.178 /T — 6.41981
+ 0.922753 In(T)) + C2(32.681/T
— 0.55368 + 0.079022 In(T))]
T = brine temperature (K)
C=19.819*Cb/(1-Cb)
Cb = salt concentration (mass fraction)
Eqg. (A.8). Non-equilibrium allowance (NEA)
NEA = [195.556 H"* (w; x 107%)°3]/ [T )°%5 T,, 7|
H; = height of brine pool in stage j (in)
ATB]» = TBj - TBj_1 (°F)
w; = W /w; (Ib/hfft) , mass flow rate per unit stage width
(Ib-h™"ft™)
w; = width of stage (for cross tube design only) (ft),
Tp j:saturation temperature corresponding to the prevailing
pressure in the stage (°F).
Eqg. (A.9). Temperature loss across the demister
A =exp(1.885 — 0.02063 T,)/1.8
A = temperature loss (°C)
TD = condensing vapor temperature (°F)
Eqg. (A.10). Overall heat transfer coefficient
z=0.1024768 x 1072 — 0.7473939 X 1075 T},
+ 0.999077 x 1077 T,* — 0.430046
x107° T,® + 0.6206744 x 10712 T,*

y = ((vDi)O'Z /((160 + 1.92 THE)U))
U=48857/(y + z + 48857 f)

U = overall heat transfer coefficient (kcal-h™-m2°C~)
v = linear velocity of brine stream (ft/s)

D;= internal tube diameter (in)

Tyg = brine temperature at exit of heat exchanger (°F)
f = fouling fac
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