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ARTICLE HISTORY ABSTRACT

In this work, a unified high-level framework that links anisotropic flow via higher-order recurrence
structures with Finsler geometry is developed. It focuses on the connections between Weyl
projective and concircular curvature tensors in extended second-order recurrent and birecurrent
Finsler spaces. By obtaining new tensorial relations and strict necessary and sufficient conditions,
classical recurrence theory is expanded. To confirm applicability, CFD simulations of viscous flow
in curved pipes with varying curvatures and intake conditions are performed. The results
demonstrate significant directional dependency in velocity and wall shear stress. The results are
consistent with the proposed geometric model, indicating a close relationship between advanced
differential geometry and anisotropic fluid behavior with implications for modified gravity and
cosmology.
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Introduction

In both mathematics and science, Finsler geometry a logical
extension of Riemannian geometry offers a strong and
adaptable foundation for describing anisotropic structures.
Finsler spaces are especially useful for characterizing systems
with intrinsic directional dependency because, in contrast to

normal Riemannian spaces, they permit the metric to depend
on both location and direction. Because of its applications in
differential geometry, gravitational theories, and cosmology,
this geometric framework has gained more and more
attention in recent years. The study of recurrent structures,
which characterize the behavior of curvature tensors under
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covariant differentiation, is one of the main topics of Finsler
geometry. These structures have been thoroughly studied in
numerous contexts and are essential to comprehending the
intrinsic geometry of manifolds. In particular, higher-order
recurrence has grown to be a substantial extension of
classical recurrence theory, offering a more profound
comprehension of the behavior and connections of curvature
tensors. Birecurrent and generalized second-order recurrent
spaces fall within this category.

The Weyl projective curvature tensor and the concircular
curvature tensor are two important geometric objects in this
setting. Important details regarding the underlying space's
geometric and physical characteristics are encoded by these
tensors. The structural interactions between them under
higher-order recurrence conditions have not been thoroughly
examined, despite the fact that their individual features have.
To create a more thorough understanding of anisotropic
geometric structures, it is essential to comprehend these
interactions.

Connections between abstract geometric frameworks and
real-world applications are becoming more and more
common alongside these theoretical advancements. The
ramifications of direction-dependent geometric structures can
be naturally illustrated in the context of anisotropic behavior
in fluid dynamics. For the analysis of intricate flow processes
in geometries where curvature and directional effects are
important, like flow through curved pipes, computational
fluid dynamics (CFD) has emerged as a potent tool.

Inspired by these ideas, the goal of this work is to develop a
logical framework that connects anisotropic flow behavior
with higher-order recurrence in Finsler geometry. We
theoretically study the structural relationships between Weyl
projective and concircular curvature tensors in extended
second-order recurrent and birecurrent Finsler spaces. In
addition to establishing necessary and sufficient conditions
that expand standard results in recurrence theory, we
construct novel tensorial relations. In practical terms, we use
CFD models to study viscous flow in curved pipe designs
with different intake velocities and curvature radii. The
numerical results provide a physical explanation that is
consistent with the geometric framework and clearly show
anisotropic aspects in the velocity distribution and wall shear
stress. The importance of higher-order geometric structures in
simulating actual transport phenomena is shown by this dual
approach. The development and use of a higher-order
recurrence framework in Finsler geometry, the discovery of
novel connections between Weyl and concircular curvature
tensors, and the fusion of geometric theory with CFD-based
flow analysis are the three primary contributions of this work.
With possible ramifications for cosmology and modified
theories of gravity, this combination offers a unique link
between applied fluid dynamics and abstract differential
geometry.

This is how the rest of the paper is structured. Background
information and the essential terminology are included in
Section 2. The theoretical findings on curvature tensor
interactions are developed in Section 3. The numerical CFD
research and its geometric interpretation are presented in
Section 4. Conclusions and possible future paths are finally
covered. In this direction, generalized recurrent Finsler
spaces of higher order associated with Berwald curvature
have been studied, providing structural relations between
higher-order covariant derivatives and curvature tensors [1].
Further developments considered generalized (K)-recurrent

conditions in Finsler spaces, thereby extending recurrent
geometric structures and contributing to a broader
understanding of curvature-dependent differential relations
[2]. Higher-order differential operators and curvature
decompositions constitute another important aspect of
modern Finsler geometry. The systematic investigation of
higher-order Cartan derivatives and curvature tensor
decompositions have demonstrated the relevance of these
structures to both mathematical and physical applications [3].
Related studies have also examined the (M)-projective
curvature tensor in generalized recurrent and birecurrent
Finsler spaces, highlighting the role of curvature
transformations in  describing generalized geometric
configurations [4]. These investigations provide a useful
theoretical background for the present work because they
emphasize the importance of higher-order differential
structures, generalized recurrence, and nonlinear geometric
relations in the mathematical description of complex systems.
Recent advances in Finsler geometry have further expanded
the study of generalized curvature and anisotropic geometric
structures. Finsler metrics involving generalized Ricci tensors
have been investigated to establish broader classes of
curvature conditions and geometric characteristics [5], while
the study of Finsler metrics with vanishing mean Cartan
torsion has contributed to the understanding of special metric
structures and their associated geometric constraints [6].
Pseudo-Finsler metrics on radially symmetric spaces have
also been considered, providing additional insight into the
geometric behavior of anisotropic spaces under symmetry
assumptions [7]. Moreover, warped-product Finsler metrics
with special curvature properties have been developed as
another important class of generalized geometric models [8].
The interaction between Finsler geometry and modern
mathematical physics has received increasing attention.
Studies on recurrent Weyl manifolds have examined
generalized curvature structures and their geometric
properties [9], whereas the geometry of Finslerian
connections has been explored in connection with physical
applications [10]. More recent investigations have considered
Finslerian wormhole geometries in modified gravity [11] and
higher-spin interactions within Finsler-type frameworks [12].
The relevance of Finsler geometry to cosmological modeling
has likewise been discussed, demonstrating the potential of
anisotropic geometric formulations in describing large-scale
physical systems [13]. Generalized Berwald metrics and their
curvature properties provide another significant direction in
this context [14], while generalized projective Finsler spaces
have been investigated in relation to broader geometric and
applied structures [15]. Reviews and theoretical studies have
additionally emphasized the potential role of Finsler
geometry in cosmology and modified gravitational theories
[16,17].

In parallel with these developments, generalized recurrent
Finsler spaces continue to represent an active area of
research, particularly in relation to curvature tensors and
higher-order differential conditions [18]. Collectively, these
studies demonstrate the continuing importance of generalized
differential and geometric structures in modeling nonlinear
and anisotropic phenomena. Nevertheless, the
aforementioned literature is predominantly concerned with
geometric  structures, curvature tensors, recurrence
conditions, and their physical interpretations, rather than with
the derivation of approximate analytical solutions for time-
fractional nonlinear evolution equations. As well as the use of
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CFD in other applications [19,20].

This observation motivates the present study, which focuses
on the time-fractional Chen-Lee-Liu equation and employs
the Asymptotic Homotopy Perturbation Method (AHPM) to
construct approximate analytical solutions. The method
combines the flexibility of homotopy-based techniques with
asymptotic perturbation concepts, offering an effective
analytical framework for treating nonlinear fractional
differential equations without requiring conventional
linearization or restrictive assumptions. In contrast to the
geometric studies summarized above, the present work
emphasizes the analytical treatment of a nonlinear time-
fractional evolution equation and the construction of
approximate solution expressions that can capture the
influence of the fractional temporal derivative. The study
therefore contributes to the broader intersection of nonlinear
analysis, fractional calculus, and mathematical modeling by
providing an analytical approach for investigating the
dynamics of the time-fractional Chen-Lee-Liu equation.
Finally, the numerical visualization based on CFD offers a
useful viewpoint on the geometric framework created in this
study. It shows that directional flow behavior, velocity
asymmetry, and wall shear stress are all greatly influenced by
curvature and geometric limitations. These results provide a
scientific explanation of anisotropic properties similar to
generalized second-order recurrent structures in Finsler
geometry. The conceptual relevance of higher-order
recurrence in modeling transport processes is supported by
the dependency on direction and curvature, despite the lack
of a direct equivalency. The usefulness of such geometric
structures in fluid mechanics and engineering systems is thus
highlighted in this paper. Additionally, it implies their
possible applicability in scientific and cosmological models
where curvature effects and intrinsic anisotropy are essential.
Preliminaries

A few definitions and criteria will be provided in this section
for the sake of this study.

The following criteria are met by two vectors, y; and y'.

Q)  yi=g5y . b yiy'=F* and

b) ¢ &fyl=y*. ) @)
The relationship between the quantities g;; and g* is
. 1 if i=k
.. ]k = .,( — ’ ’
6.) gl} g 61 { 0 , if i1+ k
b) 9,6 =g, and ) g/=85,=g". )

For any vector field, the h-covariant derivative of second
order with regard to x* and x/ is as follows:
Xiwy = 0 (Xh) = (XE)Te] + (X )T - (ajxfk)_l}?ys- ©))
Under Cartan's covariant derivative, the vector y' and metric
function F vanish in the same way.
a F,=0 and h) yllhz 0. ) 4
The definition of the metric tensors g;; and g% vanish
identically under Cartan's covariant derivative
a) gyn=20 and b)g”lh =0. (5)
Tensor Wi, , torsion tensor Wj;, and deviation tensor W' are
defined by: _

i i 25 2
Wikn = Hjgn + — 5 Hppig +

A
J (n+1) o O Hiin

5, A
+ oz ( Hjn + Hy + Y70, Hy, )

st .
_(nz—’il)(n ij‘*‘ij‘*‘yraijr) , (6)

Wi = Hi + 2+ 2 L (nHg =y Hgr)}. (7

Jk = ke T (g T UK] {(nz_l) Nty =y Hyr }oo (7
. . . 1 . . .

And W' = Hj —H §j = —— (0,H] —0;H) y*, (8)

respectively.

Also, if we suppose that the tensor Wj" satisfy the following
identities

a) Wiy*=0 , b) Wi=0 ,c) Wiy, =0,
d  gaW'=W, , e g/W,=W  and
) Wey=0. 9)

The concircular curvature tensor M}kh , torsion tensor Mjik,
Ricci tensor My, curvature vector M, and scalar curvature
M are satisfying:
a) Mjikh yl = Mlich , b) Mlichyk =Mril )
) My, =My, d M,;=M,, e M =M, and
f) Gir Mjlkh = Mrjkh . (10)
Cartan’s 3™ curvature tensor R}kh , Ricci tensor Ry, , the
vector H, and scalar curvature H are defined as
a) Ryy/=H,, b) Ryy*=R;, ¢) RI=R, and
d Hyy*=Mm-1DH. (11)
Using Cartan's and Berwald's first and second order
derivatives in Finsler space, which are defined by the
following criteria, Al-Qashbari and AL-ssallal [6] and Al-
Qashbari, Haouse, and AlL-ssallal [7] developed and
investigated generalization of Weyl's projective curvature
tensor in Finsler spaces.
]/Vj;'ch|m = Ammljéch + #m(aligjh - 5fizgjk)

+ =Y (Wigjn = Wiig ) - (12)
The generalized W), -recurrent space, denoted by G2nd Wip-
RF,, is a Finsler space F, in which the curvature tensor Wjﬁch
meets the condition (12).
Applying the constraint (5a) to the covariant derivative of
(12) with regard to x! in the context of Cartan's connection
yields:
Wiknimit = @GmuWiien, + b (8% Jjn — 64 gjk)

+icml(Wklgjh - Whlgjk)

+iym(Wkl gjin— Wy gjk)ll . (13)
where ap; = A+ Andy s by = W + Ay and ¢y =
AmYi+ ¥Ym are non-zero second order covariant tensor
fields, y,, is non-zero first order covariant vector field,
respectively.
Definition 1. In Finsler space, which the Wely’s projective
curvature tensor W, satisfies the condition (13) is called the
generalization generalized W), -birecurrent space and the
tensor will be called a generalization generalized h -
birecurrent space. These space and tensor denote them briefly
by G2"*W,,- BRF, and G*"*h-BR, respectively. We consider
an n-dimensional Finsler space F,, the Weyls projective
curvature tensor W]-ﬁ(h satisfies the condition (12) and (13),
These spaces denoted by G2"*W,,-RF, and G*"*W,,- BRE, ,
respectively.
Relationship Between Wely’s Curvature Tensor W}kh
and Concircular Curvature Tensor M;'-k,,
The concircular curvature tensor is a geometric object
introduced in differential geometry. It is a measure of the
curvature of spacetime or, more generally, a pseudo-
Riemannian manifold. Finsler geometry, as a generalization
of Riemannian geometry, provides a powerful framework for

Wadi Alshatti University Journal of Pure and Applied Sciences, vol. 4, no. 2, July-December 2026

Page 325



Al-Qashbari, et al.

modeling a wide range of physical phenomena. In Finsler
spaces, the curvature properties of the space are characterized
by various curvature tensors, among which Weyl and the
concircular curvature tensor M}kh play a significant role.
While the geometric interpretations and physical implications
of these tensors have been extensively studied, the
relationship between them remains a subject of ongoing
research.

This paper aims to investigate the connection between
Weyl’s curvature tensor and the concircular curvature
tensor Mj'kh in Finsler spaces. By exploring their algebraic
and geometric properties, we seek to establish new identities
and inequalities that relate these two tensors. Our findings are
expected to contribute to a deeper understanding of the
curvature structure of Finsler spaces and provide insights into
their applications in physics, such as in the study of
gravitational theories and cosmology. Some properties of
I/I/}‘,'ch curvature tensor was proposed by Al-Qashbari,
Abdallah and Al-ssallal.

For (n=4) a Riemannian space, Weyl defined the
concircular curvature tensor M]-'kh often known as the Weyl

concircular tensor, as
Wikn = Mjp + ER((SIchjh ~ 81951)
1 . .
+ (86 Rin = g RY) - (14)
Taking the covariant derivative of (14), with respect to x™ in
the context of Berwald we get

ijgchrm = jikh|m + % [R((Slicgjh - 5ligfk)]|m

1 . .
+3 (8 Rin — g R, )|m . (15)
Using (5a), in the equation (15) can be written as
Wikhim = Mjknim + §R|m(5llcgjh - 5;1ij)
1 . .
+5 (84 Ringm = 9k Rhym) - (16)

By substituting equations (12) and (14) in to (16), we obtain:
i 1 i P 1 : .
Mjinim + 35 Rim (5}(91'11 - 5;;91'1() +3 (8% Ripim — G R;1|m)
. 1 . .
= AnMjyp, + ElmR(&cgm - 5;;91'1()
1 . . . .
+5 Am (8% Rin = 9jic RY) + 1 (859 n — 8491)
1 . .
+ =V (Wigjn = Wigje) -
The equation (17), can be expressed as:
Mjinpm = AmMjie, + ﬂm(‘sllcgjh - 6;lgjk)
1 i : 1 . .
+ZYm(Wklgjh ~Wigji) = ER|m(5fcgjh ~ 8h95)
1 i : 1 . .
-3 (8 Rin — 9ji R;l)|m + ElmR(dllcgjh ~ 8h95)
1 . .
This demonstrates that
Mjinpm = AmMjie, + ﬂm(‘sllcgjh - 5rllgjk)
1 . .
+ZYm(Wklgjh - Whlgjk) .
If and only if
R|m(5igjh —6n9jk ) = lmR(Sll(gjf} - Sillgjk) ) _and
(5;(th ~Yjk R;l)lm = Am (5% Rin = gk R ). (20)
Consequently, we can state that the theorem's proof is
finished.

Theorem 1: If the condition (20) is met, the concircular
curvature tensor M}kh represents a generalized recurrent
Finsler space in the space GzndMlh— RF,.

The following outcome is obtained by transvecting equation
(18) using y’ and applying equations (10a), (4b), (1a), and
(11a):

A7)

(18)

(19)

Mli<h|m = AmMIich + .um(é‘liYh - 6}11Yk)
1 . . 1 . .
+ 3 Vm (Wivn = Wiy ) = 5 Rim (85 = 84y
1 . . 1 . .
~3 (8% Hn — viR}, )|m + glm(é‘zﬁ Hy, = yiR},)
1 . .
+EAmR(SIl(yh —8Lyi) -
This demonstrates that
Mll<h|m = AmMIlch + Mm((sliyh - (Sillyk)
1 . .
+Zym(Wklyh - Wiy ) .
If and only if
Rim (85 yn = 84Yic) = AnR(8kyy, — 64yi) , and
(8 Hy = yicRL),, = Am(Sk Hn = yicRY) - (23)
Therefore, the proof of theorem is completed, we can say
Theorem 2. In the space GZ“dM|h- RF,, the torsion tensor
ML, (concircular curvature tensor M}kh ) represents a
generalized recurrent Finsler space, provided that the
condition (23) is satisfied.
By transvecting (21) with y* and applying along with
equations (10b), (4a), (4b), (1b), (9a), (1c) and (11e), we
obtain the following result:
Mill|m = AmMilz + .um(ylyh - 6}11F2) + ZVm[WhLFZ ]
1 : : 1 . .
_ER|m(ylyh — 84F?) — g(yth - FZR;z)lm
1 : . 1 . .
+ = Am (Y Hy = F2R}) + 5 ARy — 64F?) . (24)
This demonstrates that

1)

(22)

Miil|m = AmMiiz + .um(yiyh - 6iizF2) + iym(Whin) : (25)
If and only if
R|m(yiyh — 8LF?) = 1, R(y'y, — 8LF?), and

(v'Hyp = F*R},),,, = An(y'Hy = F* R}). (26)

Therefore, the proof of theorem is completed, we can say
Theorem 3. In the space GZ“dM|h— RF, , the projective
deviation tensor M} represents a generalized recurrent
Finsler space if the tensors R(y'y, — 6;F?)and (y'H, —
F 2R;’l) are generalized recurrent Finsler spaces.

By contracting the indices i and h in the equations (18),
(21) and (24), respectively, and utilizing equations (n=4),
(2a), (1a), (1b), (9b), (9c), (9d), (11lc), (11le) and (1c), in
conjunction with (10c) and (10d), we obtain the following
result:

Mjjm = AmMjpe + (1 — 1) gjic — iVij

1 1
—5(1 —)RYji)m — ;(Rjk —Jjk R)|m

This demonstrates that
Mjk|m = Am IVIjk + (Tl - 1).umgjk - iymvvjk (28)
If and only if
(Rgjidm = Am(Rgji) , and

(Rjk —Yjk R)|m = Am(Rjk —Ijk R) . (29)
And My = AnMy + (1 = 1) ph Yy _é(Hk — YiRm

— = (1 = DRy + 55 1 = WAy Ry

+ 2 A (Hi = YiR) . (30)
This demonstrates that
Mk|m = /1ka + (Tl - 1).um Yk - (31)
If and only if
(Ryk)|m = An(Ryy) , and

(Hy, — ykR)|m = A (H — yiR) . (32)

In the last
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M =AM + (1 = W F2 = = (1 = n)(RF?),
—§(3H — F?R) + % (1—n) 1,,(RF?)

+ 4 (3H — FR) . (33)
This demonstrates that
M, = AzM + (1 —n) u,, F2. (34)
If and only if
(RF*)m = Apn(RF?), and

(3H — F?R),, = 4,,(3H — F?R). (35)

Therefore, the proof of theorem is completed, we
conclude
Theorem 4. In the space GZ“dM|h- RF, , Ricci tensor M ,
vector M, and scalar M are defined in equations (28), (31)
and (34), respectively, if and only if the conditions in
equations (29), (32) and (35) are satisfied.
By transvecting equation (18) with g;.and utilizing equations
(2b), (9d), and (10f), we obtain the following result:
M‘rjkhlm = AmMrjkh + Hm(grkgjh - grhgjk)

+ %Vm[w/rkgjh - thgjk] - %le(grkgjh - grhgjk)

- i (9riRin = 9jt Ry )Im + ﬁAmR(Qrkgjh ~ 9rmIjr)

1
t34m (9ricRin = gjx Ryn) - (36)
This demonstrates that
My jxnim = AmMyjin + #m(grkgjh - grhgjk)
1
+ =V WieGjn = Wend] - (37)

If and only if
Rim(9rc9jn = 9rn9jic) = AmR(Grcdjn — Grngse) » and
(grkth = 9jk R )Im =An (grkth — Gjk Rrh) . (38)
Therefore, we conclude that the experiment was a success
Theorem 5. In the space G2’1‘1‘M|h-RFn , the associate tensor
M;,«, (Concircular curvature tensor M}kh ) represents a
generalized recurrent Finsler space if the condition in
equation (38) is satisfied.
We introduce a new class of Finsler spaces, namely,
generalized My,-birecurrent spaces. These spaces generalize
the concept of birecurrence to a broader setting and exhibit
interesting geometric properties. We investigate the curvature
tensor of these spaces and establish several characterization
theorems. Our work in this paper we defined [m|l is covariant
derivative of second order.
Taking the h-covariant derivative of equation (14), with
respect to x™ and x!,respectively, we obtain the following
result:

jll'chlmll = Mjikhlmll + % [R(Sli 9jn — Sﬁ gjk)]
+5 (84 Rin = g RL) - (39)
Using equations (5a) and (39) can be rewritten as follows:
I/lel'chlmll = Mjikhlmll + %lell(‘g}c 9jn — 5;'1 gjk)
+5 (6 Rin = gjcRL) - (40)
Similarly, by applying equations (13) and (14) in (40), we
obtain the result:

Mjikhlmll + %R|m|l(51i( gjn — 64 gjk)
+ § (5;( R, — gijiil)m” = amleikh
+ %amlR((Sli gjn — 8 gjk)
+§aml (5;( th —Yjk R;L) + by (Sligjh - Sfil.gjk)
+%le(Wkigjh - Whigjk) + iym(Wkigjh - Whigjk)ll .
alternatively, this can be expressed as:

Im|t

Mjikhlmll = amleikh + bml(aligjh - 5rilgjk)
+icml(Wkigjh - Whigjk) + iYm(Wkigjh - Whigjk)ll
—éR|m|z(51icgjh - 6}ingk) —§(5z‘; th — Ijk R;l)
+éamzR(51i 9jn — 5rilgjk)

Im|l

+5 &m (8} Ry~ 9 RE) (41)
This demonstrates that
Mjikhlmll = amleikh + bml(sligjh - ‘Srilgjk)

+icml(Wkigjh - Whigjk)

+iym(Wkigjh - Whigjk)ll . (42)

If and only if
lell(‘s_li 9jn = O gj‘k) = a,, R(5} 9jn— 4 gjk)lﬁ and
(i Rin = gji Ry )Imll = am(Si Rin — gk Ry). (43)
In conclusion the proof of theorem is completed, we can
determine
Theorem 6. In the space GZ“dM|h-BRFn, the concircular
curvature tensor M}kh defines a generalized birecurrent
Finsler space if and only if the condition in equation (43) is
satisfied.
By transvecting equation (41) with y/ and utilizing equations
(10a), (4b), (1a) and (11a), we obtain the following result:
Minimin = @muMpn + bt (85 v — 85 vi)
1 . .
+Zcml(Wklyh ~ Wivi)
1 i i 1 i i
+ZYm(kah - Wh)’k)” - ER|m|z(5k Yn = 85 Yi)
1 i i 1 . .
— (6 H, - ykRilL)|m|l + = R (8 yn = 6 i)
1 . .
+§aml(5i¢ Hy — yiRY}) -
This demonstrates that
Mynpmi = @GuMin + by (8L yn — 64 vi)
1 i i 1 i i
+Zle(Wkl3’h ~ Wilyi) + ZVm(WkLyh - WhLJ’k)” - (45)
If and only if
lell(glitl Yn — 6 yk) = a,,R(5} Y= 3 Yk)g and
(612 Hh - ykRil1)|m|l = aml(allc Hh - YRR;L) ' (46)
Therefore, the proof of theorem is completed, we can say
Theorem 7. In the space GZ“O‘M“]—BRFn , the h-covariant
derivative of the second orders for the torsion tensor M.,
(concircular curvature tensor }'kh) defines a generalized
birecurrent Finsler space if and only if the condition in
equation (46) is satisfied.
By transvecting condition (44) with y* and applying along
with equations (10b), (4a), (4b), (1b), (9a), (1c¢) and (11d), we
obtain the following result:
Mijiy = @M, + b (v' yn — 85F?) = ;sz(WnLFz)
=3 Ym(WiF?) = 5 Ry (¥ ya — 61F?)
1 P : 1 . .
=3 (V' Hy = F?RL ),y — 15 9miR (v yn — 64F?)

(44)

+§aml(yiHh —F?R},). (47)
This demonstrates that
Miizlmll = ap M}, + bmz(inh - 6fiLF2)

_icml(Whin) _i ym(Whin)“ : (48)
If and only if
R|m|l(yiyh — 8LF?) = apuR(y'y, — 6LF?) , and

(v'Hyp = F?R}) = @mi (Y Ho = F* R}). (49)

Therefore, the proof of theorem is completed, we can say
Theorem 8. In the space Gzn"Mlh—BRFn , the projective
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deviation tensor M} represents a generalized birecurrent
Finsler space if the tensors R(y'y, — §:F?) and (yiH, —
F2R} ) are generalized birecurrent Finsler space.

By contracting the indices i and h in the equations (41),
(44) and (47), and utilizing equations (n = 4), (2a), (1a),
(1b), (9b), (9c), (9d), (11c), (11d) and (1c), along with the
relations in equations (10c), (10d) and (10e), we obtain the
following result:

Mjgimp = @GnuMj + (1 = n)bpy gji + iszij

1 1
+5 YWk —E(l _n)(jok)

4 J ) |m|L
_E(Rjk ~YJjk R)lmll + gamz(Rjk —Yjk R)

1

+E(1 —n)aml(jok). (50)
This demonstrates that
Mjpmp = @GmuMj + (1 = )by gji

1 1

+ 5 Wi + 5 Ym Wik - (51)
If and only if
(jok)lmll = aml(jok)’

(Rjk_gij)Imll =aml(Rjk_gij) . (52)
And

1
Myjmp = @My + (1 —n)bpy yi —g(Hk = ViR
1 1
=55 U= RY ) + 5 (Hie = YiR)
+= (1 = MamRy) - (53)

This demonstrates that
Myjmp = My + (L =n)bpy vy - (54)
If and only if
(Ryi)mu = ami(Ryy) , and

(Hy — ykR )|m|l = @y (H, — yiR). (55)
In the last
Myt = @M+ (1 = )by F2 =2 (3H — F?R)j

— = (1 = W)(RF?) yyy + 3 Gy (3H — F2R)

+=(1 =) (RF?) . (56)
This demonstrates that
M|m|l = amlM + (1 - n)bml FZ . (57)
If and only if
(RF2)|m|l = ap(RF?) , and

(3H = F2R)ppy; = @y (3H — F2R) . (58)

Therefore, the proof of theorem is completed, we can say
Theorem 9. In the space GZ“dM|h-BRFn, Ricci tensor M, ,
vector M, and scalar M are defined in equations (51), (54)

and (57), respectively, provided that the conditions in
equations (52), (55) and (58) are satisfied.
By transvecting equation (41) with g,.and utilizing equations
(2b), (9d), and (10f), we obtain the following result:
M. jknpmi = GmiMyjin + bml(grk 9jn — grhgjk)
1
+3 Cmu (Wr9jn — Wyn8jic)
1
+ 2V (WG jn = Wengji )Il
1
—5(9rcRin = Gj Ren )|m|l
1
- Elell(grk Ijn — grhgjk)
1
3 (9rx Rin — gjx Ren )
1
5 @R (gri gjn — grhgjk) -
This demonstrates that
M, iknimi = GmuMrjkn + b (grk 9jn — grhgjk)

(59)

+icml(ergjh - thgjk)

+i)’m(vvrkgjh - thgjk)ll .
If and only if
Rimii(grx gjn — grhgjk) = aR(g gjn — grhgjk) , and

(grkth —Jjk Rrh)lmll = aml(grkth —Jjk Rrh) .(61)
Therefore, the proof of theorem is completed, we can say
Theorem 10. In the space GzndM|h-BRFn, associate tensor
M;.«p, (Concircular curvature tensor M}kh) characterizes a
generalized birecurrent Finsler space, provided that the
condition (61) is satisfied.
Numerical Illustration: CFD Analysis of Directional Flow
Effects
To illustrate the potential applicability of generalized second-
order recurrent geometric structures, a numerical investigation
based on computational fluid dynamics (CFD) is presented.
Although the theoretical framework developed in this paper is
purely geometric, CFD provides a practical setting in which
anisotropic and direction-dependent behavior can be observed
and interpreted.
The numerical study considers the incompressible flow of
crude oil through pipe elbows with different curvature radii.
Examined are four elbow configurations with bend radii of
1.5D, 2D, 2.5D, and 3D, where D is the pipe diameter. Typical
operating circumstances are represented by imposing inlet
velocities between 05 and 2 m/s. A turbulence model
appropriate for near-wall flow behavior is used to solve the
governing equations of momentum and mass conservation. To
guarantee solution stability and convergence, mesh refinement
is carried out using an organized computational mesh.
The wvelocity field clearly depends on elbow geometry,
according to the numerical data. Strong asymmetry is seen in
the flow at lower bend radii, with higher velocity magnitudes
concentrated around the elbow's outer curvature. As the input
velocity rises, this directional bias becomes more pronounced.
Elbows with greater curvature radii, on the other hand, show
less flow separation and smoother velocity patterns.
Similar trends are seen in wall shear stress, which rises
dramatically in areas with the largest curvature and flow
acceleration effects. Smoother bends lessen the impact of
higher shear concentrations caused by sharper elbows. These
findings demonstrate how flow behavior is sensitive to
directional limitations and geometric curvature.

(60)

Table 1: Maximum shear stress

Velocity, Maximum shear stress, t (Pa)
V (m/s) 15D 2D 25D 3D
05 0.008435 0.008435181  0.008435171  0.008435165
1 0.02331102 0.2331098 0.02331096 0.02331094
1.5 0.04228811  0.04228804 0.042288 0.04228797
2 0.06451498  0.06451481 0.06451469 0.06451461

Geometric Interpretation

Geometrically speaking, the observed shear concentration and
flow asymmetry represent anisotropic behavior similar to that
explained by generalized recurrent structures in Finsler
geometry. Higher-order geometric constraints may affect
transport phenomena, as demonstrated physically by the
dependence of flow characteristics on direction and curvature.
While no direct equivalence is claimed, the numerical results
support the relevance of generalized second-order recurrence
as a conceptual framework for modeling systems with intrinsic
directional dependence.
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Figure 1: Flow's effect on elbow design (a) 1.5 D, (b) 2 D, (c) 2.5 D,
and (d) 3D
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Figure 2: shows the velocity curve vs diameter at v = 0.5 m/s at
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angles of 0°, 45°, and 90°

Results and Discussion

The framework for generalized second-order recurrent and
birecurrent conditions in Finsler geometry is first established.
In particular, we define the classes of generalized second-order
concircular-birecurrent GZ“dMIh - BRF, and generalized
second-order Weyl-recurrent G*My, - RF, spaces. The
structure of Weyl and concircular curvature is influenced by
recurrence conditions, as shown by the derivation of several
significant relations between curvature tensors using rigorous
tensorial calculations.

Important outcomes consist of the following:

1. Characterization of generalized recurrence: Weyl and
concircular curvature tensors are used to determine the
necessary and sufficient conditions for a Finsler space to admit
generalized second-order recurrence.

2. Interdependence of curvature tensors: It is demonstrated that
the Weyl curvature tensor and the concircular curvature tensor
are closely related under certain recurrence circumstances,
resulting in new structural constraints on the geometry.

3. Extension of classical results: The results demonstrate the
wider applicability of second-order conditions by generalizing
previous conclusions on first-order recurrent and birecurrent
Finsler spaces.

4. Possible cosmological ramifications: Despite the analysis's
theoretical nature, the geometric structures found could be used
as mathematical models to explain anisotropic spacetime
geometries in cosmology.

These contributions open up new avenues for the use of
higher-order recurrence to mathematical physics and improve
our knowledge of recurrent structures in Finsler geometry.
Conclusion

With a focus on their connections to Weyl's projective and
concircular curvature tensors, this paper provides a thorough
theoretical explanation of generalized second-order recurrent
and birecurrent Finsler spaces. The necessary and sufficient
conditions for the creation of new classes of generalized
Weyl-recurrent and concircular-birecurrent spaces were
established. The structural and geometric framework of
higher-order recurrence in Finsler geometry is enhanced by
these conclusions, which go beyond conventional findings. A
CFD-based numerical study of directed flow in curved pipe
elbows was carried out to demonstrate their practical
significance. The simulations showed that curvature and
directional limitations have a significant impact on velocity
distribution, flow asymmetry, and wall shear stress. Similar
to generalized recurring structures, this behavior offers a
significant physical interpretation of anisotropy. As a result,
the study emphasizes how these geometric models may be
used in fluid mechanics, engineering systems, and
cosmological theories that deal with anisotropic and
curvature-dependent phenomena.
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