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In this study, the Natural decomposition method is introduced to solve the two-dimensional
nonlinear time-fractional reaction-diffusion Brusselator system. The fractional derivatives are
described in the Caputo sense. The closed-form solution, as it is a vital momentary in solving
sophisticated nonlinear differential equations, was obtained and to be investigated thoroughly in

the present study. Additionally, the approximate semi-analytic solution is presented as a rapidly
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convergent series, which is proved via tables and illustrations. The nonlinearity of the equations is
decomposed using the Adomian polynomials. All computations were executed via Mathematica
symbolic computational package.

sl U a1 a3l g LAdiN - e Lanll 5530y alat) Lysuadl BSLells ulmnll Joull

zg‘a.‘_..').(‘ﬂ ‘q._m‘).i! dgasee ‘11‘5)'\_“ L_,LL Y G e CL’LQ.A FPANT

Lalia) Ly aald)

sl Loyl AL i) e LAYy Jelatl) (6Ol sl 3930hag s pllas Joed sladl Montll 2oy ko @putd5 o5 caahll sia 3

Ly delaxll ¥slas Sl Auhs il ALalanll Solall o & Boses Al ptag slly GLall ol e Jpanned] 05 5555 ey 2,S)

250y pllas Allas o5 logandly doluzll pe Lelsl @ig coland! 2anpwe AlbadandeS qupdnll helomtll ads ol (oye el 28U

2SIl 5356 Ratda Sbestle gl Angonll ploials Sl pven ddis 35 csliassl Slss alikialy Solall § HbasSU
Aol 36l

Introduction

The reaction-diffusion equations are well-known for
describing various phenomena arises in engineering, biology,
ecology, physics, chemistry, ... etc [1,2]. Recently, these
equations are preferably modelled using fractional partial
differential equations (FPDES) for the sake of the information
provided by the heredity properties and memory effects [3—
5]. The present study focuses on one of the most eminent
equations that presents the reaction-diffusion process in
biological and chemical phenomena, the fractional
Brusselator System, which models the enzymatic reactions
and triple collisions of atomic oxygen forming the ozone, as
an instance [6,7].

In the last few years, a considerable amount of attraction was
given to obtain the analytical, semi-analytical and
approximate solution of reaction-diffusion equations either
with fractional order or the integer one by using trustworthy
methods, namely: the Reduced differential transform method
(RDT) [7,8], the expansion approach; the exp(—2(n))-

expansion approach [9], the Finite difference methods [10-
13], The finite element method [14] , differential quadrature
method (DQM) [15], the Homotopy analysis method (HAM)
[16], the Optimal Homotopy asymptotic method (OHAM)
[17], the Homotopy Perturbation method (HPM) [18,19], the
New lIterative method alongside the Residual power series
method (RPSM) [20-22], and Adomian decomposition
method (ADM) [21-34].

Further, solving FPDEs by using Integral transforms-based
schemes, such as the Natural transform (NT) coupled with
Adomian decomposition method (ADM) [30,32,33], the
Laplace transform (LT) coupled with Homotopy Perturbation
method (HPM) and ADM [26,27,29,34], the Yang transform
(YT) coupled with the Residual Power series method
(RPSM) [25], and the Elzaki transform (ET) coupled with
RPSM [28], have been proven to be robust and
computationally efficient. The method of Natural
decomposition method (NDM) was firstly conceived and
developed later in literature, a decade ago by Rawashdeh and
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Maitama [35] as a combination of NT and Adomian
polynomials to obtain the exact solution of coupled systems
of nonlinear partial differential equations of integer derivative
order (CSLNPDEs). Additionally, their study has proved
significant advancements compared to the other semi-
analytical ADM, LDM, HAM and VIM. In a recent study
done by Ahmed et al. [31] the NDM was implemented on the
two-dimensional fisher equation of Caputo’s fractional order,
as this equation is widely applied in autocatalytic chemical
reactions and chemical kinetics. The method was proved to
be valid and proficient in solving two-dimensional FPDEs.
Proceeding further, in the present article, we aim to extend
the work of Ahmed et al. [31] to investigate the analytical
solution of a two-dimensional fractional order system by
using the method of Natural Decomposition and comparing
the results with those reported by the method of RDT [7].
This paper addresses the two-dimensional time-fractional
Brusselator system as [7]:

DIv(x,y,t) =2 (D,%v(x, y.t) + Div(x,y, t))
—(a+Dvlx,yt)+ vy t)wx,yt)+b
wa(x, y,t) =21 (wa(x, y,t) + Diw(x,y, t))

—v2(x,y, O)w(x,y,t) + av(x,y,t)
where 0 <y, < 1andt > 0, with the initial conditions:

v(x,y,0) = ¢ (x,y)
w(x,y,0) =¥P(x,y)

In which D} and Df denote the Caputo’s fractional
derivatives operators of orders 0<a, 8 < 1, the constant A is
the coefficient of diffusion, a,b are the inlet reactant
concertation constants. Both functions v(x,y,t) and
w(x,y,t) represent the dimensionless concentration of the
two reactants.

This article is organized to offer basic concepts as well as
preliminaries of Fractional Calculus (FC) and the Natural
Integral Transform in the first section. Besides, the
methodology of the fractional NDM is presented in great
details afterwards. Then we have presented a meticulous
simulation and interpretation of the effect of the fractional
order. Finally, the achievements of this scientific article were
provided in conclusion section.

Preliminaries

In this section we recall the most essential definitions and
properties of FC and the Natural transform [3,4,32,36,37].
Definition 1. [3,4]

Let g be an analytic function of ¢ in L([0,1], R), the integral
operator in Rieman-Liouville (R-L) approach of order y, is:

g(t) ,v=0
s [ org@az v+ 0
') J, g &

where the Gamma function is defined as the improper
integral T'(e) = ["e~"t®'dr , e€C. It is worth
mentioning that the Integral fot(t - Y 1g(d{ inEq. (3) is
presumed to be convergent.
Definition 2. [3,4]
The Caputo’s fractional derivative of order y of a function g
of ¢, that is continuous on C*,, such that n e NU {0} as t
tends to infinity, is given as:
n-y ,m) _

Deg(t) = {Zl"g(?)/d(rt?‘ LI @

where 7%7Y g™ js the R-L Integral of g™ (t) defined in Eq

1)

)

Tog(t) = ©)

A).
Definition 3. [37]
The two parameter Mlttag Leffler function, is defined as:

Frp(®) = Zr(kyw) ©)

where the fractional orders are 0<y,f<1andteC. By

setting B = 1, the E, z(t) in Eq. (5) yields the one parameter
Mittag- Leffler function of the formula E,(t) =
Yire OF(k et . Also, by setting y = g = 1, the Mittag-Leffler

function E, z(t) in Eg. (5) reduced to the classical
k k
exponential function Ey 4 (t) = X3 01"(}:—+1) =y 0; =et.
Next, we provide the basics of the Natural integral transform
throughout definitions and lemmas.

Definition 4. The NT (see Belgacem et al. [32]) of a function
g(x;, t) is defined as:

N g, 0] = Q(xus u) =
f e Stg(x;, ut)dt = —L{g,(xl,t)} s,u € R* ©)
0
where L is the Laplace transform, s and u are the NT

parameters. If u equals 1 the Laplace transform is obtained
and the Sumudu transform is obtained for s equals 1.

Definition 5. The inverse NT (see Belgacem et al. [32]) of
Eqg. (6) is given by:
N_[g(xi! S'l u)] = g'(xil t)
L @)
— —st i
- an q_ioo e g(xllsy/u’) dS

where g € R such that s = x + iy in the complex plane.
Lemma 1. The NT [32] of the R-L fractional derivative of a
function g(x;, t) with respect to the variable t has the form:

sY
N*[DYg(x;, t)] = yg(xi,s,u)
n-1 k (8)
_ S y—(k+1)
Zuy—k Lim D¢ 2]

k=0
Lemma 2. The NT of the Caputo fractional derivative, [32],
of a function g(x;, t) with respect to the variable t is defined
as:

sY
[Dy (xi' t)] = _-yg(xi! S, ’LL)
Sk (k+1) (9)
- Z —_— [llm DY g(x;, t)]
k=0
Lemma 3. The NT of fractional derivative, [32], of a
function g(x;, t) with respect to the variable x is defined as:

N+[D g‘(xwt)] D)]c/g(xilsl ’IL) (10)
The Fractional Natural Decomposition Method
(NDM)

In this section, we consider the following multi-dimensional
fractional partial differential system of n equations:

D, vi(X,t) + Ruy(X,t) + Nv;(X,t) = ¢ (X,t)  (11)

where the fractional m—-1<y<m, meN, i=

1,2,...,n

Subjected to the initial conditions (ICs)of the form:
DIvi(X,t) = Fir,,(X) (12)

inwhichk; =0,1,..,m; —1, m;eN, i,j=12,...,n

v . I
Where D) = % is the Caputo fractional derivatives of order
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Yy (m—1<y;<m), X=(y2" RvyXt) and
Nv;(X,t) are the linear and the nonlinear operators. As,
g:(X, t) is a continuous function represents the source term.
The methodology of NDM consists of the following four
steps:
Step 1.
Applying the NT on both sides of Eq. (11), and utilizing its
properties, we get:

. ; Yi

NHD v (X, )] = Fis X) + u—yjN*[gi(X, )]x
2 s S (13)

- EN*—[RUi(X, t) + NUL'(X, t)]

Step 2.

Operating with the inverse NT on both sides of Eq. (13),
yields

X

,
B ) = i 0 + N S N [gX, 0]

. (14)
— qu
—n-t [EN’“[Rvi (X, ) + Nv;(X, )]

Step 3.

Decomposing the solution and the nonlinear term according
to Adomian [38,39], one can formulate:

The infinite series form of the solution in Eq. (14), to have:

[oe]

BX ) = ) vin(X,0) (15)
n=0
The decomposition of the nonlinear term v;(X, t) is:
Nvy(X,£) = Z A (16)

n=0
where A;, is the Adomian polynomials [39]. In view of the
above Eq. (15) and Eq. (16), the solution of v;(X,t) in Eq.
(11) can be written as:

[oe]

D X0 = £ 00 +
n=0
N N I (17)
- N STJN RZvin(X, t)
n=0

+Nzﬂmﬂ
Step 4. o

Constructing the recurrence relation and the approximate
solution, to get:

u’i
EN [g:(X, )]

Vi
VoK, 6) = Fik, (0 + N~ | g (X, 0]

» (18)
kvi,ﬂ(x, t)=-N"1 [ENJf[Rvi;(X, t) +NAy|

where 7 =0,1,2,.. . The m" -approximate solution of the
system (8), as the finite series of equation (12), have the
form:
(X, 1) = v (X, ) + v (X, 1) + v (X, 1)
+ot v (X, 1)
m

In this section, we run a numerical simulation on the two-
dimensional time-fractional Brusslator systems [7], and
investigate the memory effect of the Caputo’s fractional
derivative over time.

Application

Consider the initial value problem (IVP) of the Two-
dimensional Brusselator system Eq. (1) and Eq. (2) and for
the purpose of the numerical simulation and comparison, the
parameters of the Brusselator systems [7] are taken as a =
1,b=0,2=025and ¢ (x,y) = e ™™, Y(x,y) = e**7.
The corresponding Natural equation of Eq. (1) and by
considering the ICs (2) is:

( v(x,y,t) =v(x,y,0) + b
uy
+N~ = N*HA(DZv + Div) — (a+ Dv + vzw]l
w(x,y,t) =w(x,y,0) (20)
B
u
N F NH[A(D2w + D2w) — v?w + av]

Following the decomposition procedure in step 3 of section 3,
along with step 4, we obtain the recurrence relation of the
Natural Eg. (20) as:

vo(x,y,t) =v(x,,0) +b =9 (x,y)
b o) = w0 = o) (e1a)
Vi (6, y, 1) =
N- IZ—: N*[A(D2v; + D2v;) — (a + Dv; + 4]
] (21b)

Wj+1(x'y' t) =

B
u
N [s_ﬁ N*[A(D2w; + D2w;) — A; + av;]

1 af

A; = Em[N Z{;llivi(x, y, t)]/1=o' and  the

subsequent few terms are:

where

UO(X;Y: t) =@ (x;Y) =e ¥V
WO(x'y' t) = l/)(x'y) = ex+y

0.5t"
v(x,y,t) = —me Y

y,8) = 0.5t ety

HEIETTE D"

0.25t%
v(6,8 = 55T

0.25 t28

w,(x,y,t) = Xy

.etc.
Therefore, the m™" approximate solution by the virtue of
equation (17) is:

m
v(x,y,t) = Z v;(x,y,t) = vo(x,3,t)

j=0
+v,(6, v, ) + -+ v,(x,y,t)

(19) o (22)
= ZO vin (X, £) w(x,y,t) = Z w;(x,y,t) = wo(x, y,t)
n=
. . . . . j=0
Appllcatlon_, Numerical Simulation, and +wy (%, y,£) + -+ wy (%, )
Interpretation
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As the value of m tends to infinity and by considering
Definition 3 of the Mittag-Leffler function, the approximate
solution of the time-fractional Brusselator system Eq. (1)
have the form:
o (= (t/2))
—e XY —_—
v(x,y,t) =e <1+k=1 Gy + D )

=eVE, (—(t/2)")

% (23)
o (/29"
wen D= e <1 PNy
= e’”yEﬁ((t/Z)ﬁ)
Noting that, if y = g = 1, this yields:
2 3
(v(x,y, t)=e ¥V <1 —t+ (t/22!) - (t/:!) + )
— e—x—y—t/z
2 3 (24)
| w(x,y,t) = e+ (1 +t+ (t/zz') + (t/:') + )
k — ex+y+t/2
wy=107
uy=03
T my=09
L veml(y = 1)

which gives the exact solution of the Brusselator system Eqg.
(1) as given in [19].

Numerical Simulation, and Interpretation

In this subsection, as we mentioned earlier the systems’
constants represented in the Bursselator system Eq. (19) were
assigned the numerical values a = 1,b = 0,4 = 0.25 and the
functions of ICs are ¢ (x,y) = e ,Y(x,y) = e**V.

In Fig. 1, the 3D profiles of the 5"-term approximate
vs(x,y,t) and ws(x,y,t) in comparison with the actual
solution Eq. (24) are presented, as the fractional order
derivatives were appointed to the values y = 0.7,0.8,0.9, 1.
The illustrations in Fig. 1 demonstrate the rapid convergence
of the approximate solution to the actual one as y tends to the
integer order y = 1. Further still, Tables 1 and 2 detail out a
numerical representation of the comparison of vs(x,y,t) and
ws(x,y,t) over time t = 0.1,0.5,1.5, 2.

600

wy=07
400

wix.y.b)

uy=08
ny=09

200 B Weyet(y = 1)

Figure 1: The 3D plot of analytical solutions v(x, y, t) and w(x, y,t) (25) when y = B = 1 vs. the 5" approximates vg(x, y, t) and
ws(x,y,t) wheny =8=0.7,0.8,0.9,

Table 1: Numerical results of the Brussolatr system of the function
(x,y,t),atx=y=1.5,t=0.1,0.5,1.5,2

vs (x,¥,0) v(x,y,t)
t y=07 y=08 y=0.9 y=1 (r=1)
1 00447196 0.0457673 0.0466444 0.0473589  0.0473589
5 00367394 0.0372014 0.0379134 0.0387742  0.0387742
15 0.0320898 0.0284164 0.0255924 0.0235066 0.0235177
2 0.0344962  0.0280868  0.0226622  0.0182553  0.0183156

Table 2: Numerical results of the Brussolatr system of the function
(x,y,t),atx=y=1.5¢=0.1,0.5,1.5,2

ws (x,3,1) w(x,y,t)
B=0.7 B=0.8 B=0.9 B=1 B=1)
22.4612 21.8861 21.4488 21.1153 21.1153
28.7298 27.6157 26.6422 25.7903 25.7903
45.6188 44.6673 43.6156 42,5155 425211
56.0582 55.8458 55.3168 54.5657 54.5982

In Tables 1 and 2, by observing the provided values of the
numerical and the actual solution, one can confirm that they
are in a strong agreement and converges to each other as t

approximate vs (x,y,t)! ws(x,y,t) and the absolute error
were imposed in one graph for each fractional order vy,
respectively. As a result, the memory effect of the fractional
order of the Brusselator system Eq. (1) were clearly shown to
which y gradually tends the integer order y =1 and the
NDM has shown a great potential in approximating the actual
solution in such a low order of the truncated-series.
Moreover, Numerical comparison of v(x,y, t)/ w(x,y,t) Eq.
(24) and vs (x,y,t)] ws (x,y,t) when y =0.7,0.8,0.9,1.
are exhibited in Tables 3 and 4. The absolute errors validate
that the performance of the NDM is decent for what we have
presented in Figs 2 and 3

Advancing this numerical investigation, with the NDM the
tenth approximate solution results are compared to the
numerical results of the RDT method [7], in Tables 5 and 6.
Besides, Fig. 4 illustrates the absolute error of the 10"- term
series solution of the Brusselator system Eq. (1).

The error analysis, in both, demonstrates that the NDM is a
reliable technique for investigating the actual solution and the

ets smaller. Incorporating this numerical investigation - . S .

g . hcorp g o '9atlo approximate one in such multi-dimensional models.
further by intensifying comparative 3D profile illustrations in

Figs. 2 and 3, where the exact v(x,y,t)lw(x,y,t), the
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Table 3: Numerical comparison of v(x, y,t) (24) and vs (x,y,t) wheny = 0.7,0.8,0.9, 1.

|v — vs|
t y=0.7 y=0.8 y=0.9 y=1
05 4.1945x103 3.15896x10° 1.67325%x1073 4.4301x10°
rey o1 1 6.74841x10° 3.36507x10°3 1.23626x10°3 2.7396x10°
=y= 15 2.09151x107 1.22001x10°2 5.32804x103 3.01795x10°
2 3.86094x107 2.34968x107 1.05576x102 1.64131x10*
05 1.53811x103 1.16077x103 6.15285x10 1.62974x10°8
k= y=15 1 2.42527x10°3 1.43202x10°3 6.27124x10 1.07278x10°12
15 7.85114x10° 4.55115x10 1.97788x10°3 1.11024x10°5
2 1.46007x102 8.82174x10° 3.939x10°3 6.03805x10°5
05 5.6550x10 4.26956x10° 2.26337x10 5.99548x10°
R 1 9.31306x10* 4.61646x10° 1.68862x10 3.70764x107
Yy 15 2.89612x103 1.67742x103 7.28512x10 4.08435x10°
2 5.39116x10° 3.25423x103 1.45183%10°3 2.22127x10°5
Table 4: Numerical comparison of w(x, y,t) (24) and ws(x,y,t) when 8 =y = 0.7,0.8,0.9,1.
[w — ws|
t B=0.7 B=0.8 B=0.9 B=1
05 7.14079x107 4.20305x10°7 1.85709x101 2.59787x10°6
R 1 1.45978x10°2 6.39062x10 2.20966x103 1.72564x10%
y 15 2.19558 1.26531 5.51691x10°1 2.04222x103
2 6.79575 3.826 1.64291 1.19345x102
05 1.94605 1.14447 5.05384x10°1 7.06174x10°6
o 1 1.53185x102 5.9807x10°3 2.06049x103 4.69078x10*
x=y=15 15 5.90394 3.40632 1.48706 5.55132x103
2 1.83416x10! 1.03274x101 4.43647 3.24414x107
05 529177 3.11172 1.37399 1.91958x105
o 1 3.254x10°2 1.20192x10-2 4.13755x103 1.27509x10°3
x=y=2 15 1.60244x101 9.24693 4.03757 1.509%102
2 4.9808x10! 2.80454x10! 1.20486x10! 8.81848x107

B Vexact(X, ¥, )
B ovs(x,y,0)
® Absolute Error

B Vexact(X, ¥, 1)
B vs(x, 3,0
= Absolute Error

B Vet (X, 3, 1)
m ys(x, ¥, 0)
= Absolute Error

B Vewaa(X, ¥, 1)
B ovs(x,y,0)
® Absolute Error

Figure 2: The 3D plot comparison surfaces of exact solutions (24) and v5(x,y,t) wheny = 0.7,0.8,0.9,1
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" Wexact (X, 5 1)
5 ows(x,y, 0
= Absolute Error

B Wexact (X, Yy 1)

B Wexact (X, ¥, 0)
= ws(x,y,0
= Absolute Error

B Wexact (X, ¥, 1)
" ws(x,y,0
= Absolute Error

" ws(x,y,0
u Absolute Error

20

Figure 3: The 3D plot comparison surfaces of exact solutions (24) and wg(x, y,t) when 8 =y =0.7,0.8,0.9,1

V(XY D=vio(X,y.0l WX,y D-wio(X.y.t)

15

A A
00 00 _~
A 15107
\

| 1.5x10 L

” 8
20x10 12510

1.00x107®
5 3 7.50x10°7
1.5x1078

Absolute Error

8
-6 |
1.0x10 1x107 L

Absolute Error 500%x1077

. 9
50x10 i

By 25010
5.x107" |

Figure 4: The absolute error of the 10" NDM approximate solutions wheny = g = 1.

Table 5: The comparison of the absolute errors v49(x, y, t) Table 6: The comparison of the absolute errors wqo(x, y, t)

x=y NDM RDT [7] x=y NDM RDT[7]
0.3 6.44401x10712 6.44401x1012 0.3 2.32552x10 11 2.32552x1011
0.6 3.53656x1012 3.53662x1012 0.6 4.23732x1011 4.2375x1011
t=1 0.9 1.94089x1012 1.94088x1012 t=1 0.9 7.72076x10 11 7.72058%1011
1.2 1.06519x10-12 1.06519x1012 1.2 1.40684x1010 1.40684x10-10
1.5 5.84584x1013 5.84588%1013 15 2.56335x1010 2.56335x10°10
0.3 1.26854x10°8 1.26854x108 0.3 4.97669%108 4.97669108
0.6 6.96188x10° 6.96188x10° 0.6 9.06812x10°8 9.0681210°8
t=2 0.9 3.82076x10° 3.82076x10° t=2 0.9 1.65232x10”7 1.65232x107
1.2 2.09688x10° 2.09688%10°° 1.2 3.01072x107 3.01072%x107
1.5 1.15079x10°° 1.15079x10° 15 5.48589x1077 5.48589%107
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Conclusions

The analytical solution of the two-dimensional nonlinear
time-fractional reaction-diffusion Brusselator system in the
Caputo sense was successfully obtained by implementing the
fractional Natural decomposition method. We have
demonstrated the reliability and trustworthiness of the
method through numerical simulations over various values of
the fractional order. In comparison with RDT, the NDM
showed a great protentional in solving such two-dimensional
initial value problems. Thus, we recommend for future
investigation, the use of the method for solving either
deterministic or stochastic higher multi-dimensional FPDEs
as well as systems of FPDEs.
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