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The time-fractional Chen—Lee—Liu equation is considered to be a special case of the
time-fractional derivative nonlinear Schrédinger equation, which have found wide
applications in nonlinear optics, particularly in the study of pulse propagation within
optical fibers. This study investigates approximate analytical solutions of the time-
fractional Chen—Lee-Liu equation using the Asymptotic Homotopy Perturbation Method
(AHPM), with the time-fractional derivative defined in the Caputo sense. The proposed
approach transforms the nonlinear fractional partial differential equation into a sequence
of recursive problems whose solutions are constructed iteratively. The convergence-
control parameters are determined through a least-squares minimization of the residual
over the prescribed computational domain. The accuracy of the resulting truncated series
is assessed by comparison with the exact solution available for the corresponding
integer-order case. Numerical results, including absolute errors and residual norms for
different fractional orders and truncation levels, demonstrate the convergence behaviour
of the proposed approximation. The results indicate that AHPM can provide accurate
approximate solutions for the considered time-fractional Chen-Lee-Liu model.
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Introduction

NFPDEs are important models that play vital roles in the
field of nonlinear sciences including the fluid dynamics,

Nonlinear Fractional Partial Differential Equations (NFPDES)
generalize classical nonlinear partial differential equations by
allowing derivatives of non-integer order in time, space, or
both. They are used to model systems exhibiting memory,
and nonlocal effects, in physics, biology, and engineering [1].

nonlinear optics, plasma physics, biological systems, and
guantum mechanics [2]. Among these NFPDEs, the Time-
Fractional Derivative Nonlinear Schrédinger Equation
(TFDNSE) has been very commonly studied in nonlinear
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optics. The Kaup—Newell, Chen-Lee-Liu, and Gerdjikov—
Ivanov equations arise as distinct integrable reductions
associated with nonlinear Schrodinger-type models [3]. The
Time-Fractional Chen—Lee-Liu Equation (TFCLLE) which
alternatively referred to as DNLSE-II model is utilized for
studying soliton propagation through optical fibres is given
by,

a 2

u
et 2 2 1
at“ P Yy qlul?u + lklul =0. 1)
The function u = u(x,t) is the complex -valued wave
function, and the fractional derlvatlve — is taken in the

(1
Caputo sense. In the optical fiber context the real constant p
represents the group velocity of the wave packet parameter
and the parameter g accounts for the Kerr nonlinearity, while
the term related to k is usually associated with the self-
steepening phenomena. In the optical-fiber setting, the
coordinates x and t denote propagation distance and retarded
time, respectively [4]. Also the equation has been utilized in
the context of nonlinear transmission networks to investigate
the transmission of solitary wave signal through a one-
dimensional transmission network [3]. The time-fractional
form better incorporates memory effects into the model. This
generalization enriches the mathematical framework and
expands the physical applicability of the TFCLLE [5].
Although several analytical, semi-analytical, and numerical
techniques have been applied to Chen-Lee-Liu-type
equations, including symmetry reductions [5], Adomian-
based decomposition methods [4, 5, 7], tanh-coth method [6],
and spectral collocation schemes [8], comparatively less
attention has been devoted to the systematic use of AHPM
combined with residual-based least squares optimization for
the time-fractional Chen-Lee-Liu equation. This motivates
the present study, which focuses on constructing an explicit
recursive approximation and quantitatively assessing its
convergence and accuracy.
In this work, we employ the Asymptotic Homotopy
Perturbation Method (AHPM) to construct approximate
solutions of the time-fractional Chen—Lee-Liu equation. The
method converts the original nonlinear fractional problem
into a sequence of recursive subproblems. The convergence-
control parameters are subsequently determined by
minimizing the residual in the least-squares sense. The
resulting approximation is evaluated through comparison
with the exact integer-order solution and by means of
quantitative error measures [9, 10]. All the numerical
computations in this paper were implemented in MATLAB
version R2014b.
Background Concepts
Definition 1.1 [11]. A real function f: (0,00) — R is said to
be in the space C,; u € R if there is a real number p > pu
such that f(t) = tPf;(t) where f;(t) € €(0, ) and it is said
to be in the space C*; u € R,n e Nif f™ € (,
Definition 1.2 [12] If feC, ,u=-1and a > 0, then the
left-handed (left-sided) Rlemann Liouville fractional integral
is given by,

1%, () = f@—oavows @

where, t € (a,©);a > 0.
The Riemann-Liouville fractional integral and the Caputo
fractional derivative have some properties that are shown
below,

1- Linearity: Let f,g € C

18, (Bf +vg) =

w4 =—1and B,y € C then
Bl +f +vig.g. (4)

2- Left-handed Riemann—Liouville fractional integral of
power function: Let @ > 0,8 > 0 then,
tB t(B+Da
’&Gw )= . (5)
Ba +1) Fr(B+Da+1)
3- Inverse with fractional integral (up to initial terms): Let
fecrtandn—1<a<n, neNthen

k _ k
1 EDEP(O) = £(0) ~ Ziﬁﬁ—ﬂz ©

Formulation of the Asymptotlc Homotopy

Perturbation Method.

The AHPM should be distinguished from the classical
Homotopy Perturbation Method (HPM), Homotopy Analysis
Method (HAM), and Optimal Homotopy Asymptotic Method
(OHAM). In the present formulation, the embedding
parameter generates a recursive perturbation expansion, while
auxiliary/convergence-control functions or parameters are
selected to improve the approximation through residual
minimization. The notation and construction adopted below
follow the formulation introduced in [13] and should be used
consistently throughout the manuscript [13]. Consider the
foIIowmg NFPDE,

e + L(u(x t)) + N(u(x t)) + f(x,t) =0, (7)

subject to these initial conditions:
u®(x,0) =g, (x),k=01.2,..,n—1,

where the operator :7, n—1< a <n denotes the Caputo

fractional derivative operator, L and N are linear and
nonlinear operators, respectively. The function u(x,t) is the
unknown solution defined on D, and x and t denote spatial
and temporal variables, respectively.

The homotopy U:D % [0,1] — C is constructed such that,

T + ALW) +NW)) + fx,t) =0, )

where 1€[0,1] is the embedding parameter. If 2 = 1, then
U(x; t;1) = u(x, t).

Thus, as A approaches 1, the approximate solution U(x, t; 1)

approaches the exact solution u(x, t) of equation (7).

Expanding U(x, t; A) in a Maclaurin series with respect to A,

leads to,

[ee]

Ux, t; 1) = Z w, (x, £ b)A™, )
m=0
where,
1 0mU(x, t; )
0 = |,

Furthermore, assume that L(U(x, t; 1)) and N(U(x, t; 1)) are

T'(a) expressed as,
where t € (a,»);a > 0,and I'(.) is the Gamma function. I ,
Definition 1.3 [12] If f € C™,, then the left-sided Caputo L(UQx,t;2) = —Z Z Biv1-mlm |2, (10)
fractional derivative of f of order « wheren —1 < a <n, i=0 \m=0
n € N, is given by: where,
t n L,=Lu,)m=012,..
oy da ) e
WEPENO =5 [ G- ©ds @ A moe
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[ee] L
NUGED) == D ( D Buam N |4, (D)
i=0 \m=0
where,
1 a™N(U(x, t; 1))
™ ml gAm o
are called the He"s polynomials, and B,, = B,,(x,t; b;) are

arbitrary auxiliary functions. Substituting equations (9), (10)
and (11) into equation (8) leads to

atau/1 _AZ ZBHl -m m Al
—AZ ZBm_mLm A+f
i=0 \m=0

=0.
By equating coefficients of like powers of A° on both sides of
equation (12), we obtain,
a
St (e b)) + £, 1) = 0; ul (x,0) = g (x),
First-order deformation problem has the following form,
aa
(b)) = By(Lo + No); u (x,0) = 0.
Second-order deformation problem is given by,
a
—u, (x, t; b;) = B, (Lo + No) + By (Ly + N,); ul” (x,0)

=0,
,n— 1. In general,

By (Lo + No) + By (L + Ny) + -
+ Bl (Lm—l + Nm—l)
m-—1
= Z B (L + N); u¥(x,0) = 0,

By solving the recursive equations iteratively we obtain the
series solution,

(12)

ot«
where k=01.2,..

ataum(x t; b)) =

[oe]

@0 = ) un(x6h), (13)
m=0

provided that the series converges. The convergence of the
series solution to the exact solution depends critically on the
choice of the auxiliary functions B,,(x, t; b;). In practice, an
approximate solution can be obtained by truncating the series

at order n,
n

ﬁn(x: t; b[) = Z um(x, t; bl)

m=0
By substituting equation (14) into equation (7), we obtain the
residual function

R(xr t; bl) =

(14)

9%, (x, t; b;) 5
% + L(ii, (x, t; by))

+ N(it, (x, t; b)) + f(x,t).

The parameters b;;i =1,2,3,.. are then determined by
minimizing the integral of the square of the residual using the
least-squares procedure, ensuring that the approximate
solution is close to the exact solution.

The construction of the AHPM shows that it is
computationally appealing since the kt"-order deformation
problem in the AHPM is formulated in a simpler manner.
Nevertheless, the principal drawback of AHPM lies in the
necessity of solving a system of nonlinear algebraic equations
for the unknown convergence-control parameters b;,i =

1,2,3 ... . This limitation is shared with the optimal homotopy
analysis method as a common computational challenge
inherited in both methods.

The sufficient condition for the convergence of the series (13)
is provided in [14] .

Theorem 2.1 If the solution components wu,, €
X, 1I.1H;m =0,1,2,3, ... belongs to a Banach space such that
30 <y <1 such that || upsqll < vlluyll, vm =mg,, for
some m, € N, then the series of the solution converge.

Proof: : Consider the sequence of partial sums {s,},en
defined by,

n

=Y

m=0
Since (X, || . 1) is a vector space, it is closed under addition,
therefore, s, € (X, |l . [)V n € N. Moreover, for all n = m,,
= Spll = N I < vl upll < V21wl
< yn—m0+1” umO”
As aresult, we have for all n > m = m,
Il sp = smll = 1Csp = sp—1) + (Spoq —
+ (Sm+1 - Sm)”
<l sp = sp-all + 1 speg = Spall + -+ [l Sppgs — Sl
<Y ol + ¥y ol + -
+ym—m0+1” um()”
m—mo (yn—m + yn—m—l + yn—m—z + .+ )/1)” umo”

Il $p41

STl—Z) +

ya—-y"m

Y0 2 Zw = Yol | B

j=1 1=y

_ ” " ” (ym mo+1 _yn m0+1)
mO0 1 _ ,y
Since || Uyl < oo we have,
lim ||s, —syll=0
n,m-—oo

Therefore {s,},cy is @ Cauchy sequence in a Banach space
X, II.1D, thus it converges to a point s € (X,]|.I). As a
result the series,

Z U, = lim
n—oo

m=0
converges to s.

n

U, = lims, =s,
n—oo
m=0

Numerical Results and Discussion
In this section, we report the numerical outcomes obtained by
employing the AHPM to solve the TFCLLE. The iterative
decomposition process yields approximate solutions whose
accuracy is carefully examined. Comparisons with analytical
solutions illustrate the efficiency of AHPM in handling the
equation of this type. A critical discussion highlights the
numerical behaviour, and practical relevance of the obtained
solutions.

Example 1. Consider the following TFCLLE'

0%u 62

15
sz +P35 (15)

+q|u|2u+1k|u|2 Ix =0,

under the initial condition,

u(x, 0) = eiex,
where (x,t) € D = [—2,2] x [0,1]. The exact solution for
equation (15) at integer order @ = 1 is given as,

— picx—i(c?p—q+ck)t
ulx,t) =e . (16)

Solution: We can rewrite the equation (15) as,
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9% 0%u

e Poxz
The linear and the nonlinear part of this equation are given
by:

u
] 2 klul>—=0.
—iqlul?u + klul w

- 0%u(x, t)

L(u(x, t)) = —lpT.
du

N(u(x, t)) = —iglul®u + klul? F

The following homotopy function U:D x [0,1] = C is
constructed as follows,

a
U
—+ (L) +NW)) = 0. (17)
Now we assume that,
Ux, t;2) = Z w; (x, )AL, (18)
i=0
Then, by applying the following initial condition:
U(x,0;2) = eicx = Zui(x, 0,
1=0
ug(x,0) = e'ex,
u;(x,0) =0;i =1,23,..
We can rewrite the operators L and N as follows,
oY) i
D Busombn |25 Ly = L), (19)
i=0 \m=0
(20)

o i
_Z Z Bi+1—mNm Ai:
i=0 \m=0

form=20,1,2,...

By substituting equations (18), (19) and (20) into equation
(17), then comparing the coefficients of A‘we get,

0%u,

20: =0 ; uy(x,0) = elc*,
a
L aqztul
A Jta B;(Ly + No) ; u(x,0) =0,
, 07U,
A% FITh By(Lo + No) + Bi(Ly + Ni) ;5 up(x,0) =0,
0%u
E T‘f= B3 (Lo + No) + By (Ly + Ny) + By (L,
+N;) ;5 us(x,0) = 0.
In general,
aa m-—1
Am:ﬁum(ﬁ t;b;) = Z Bin-j(Lj + N;); tm(x,0) = 0,
7=0

The He"s polynomials for the following nonlinear part,
du
N(u(x, t)) = —iglul?®u + klul? Foi —iglul?u + klul?u,

are given by,

= —iquiT, + kuguo U,

=0

o o —
= —2iquou Uy — iqugly + kug, u g
+ kuguy U + kugug, Uy,

=0

= —iquitly — 2iquou, Uy — 2iquou Uy

— lquit, + kuyu, U + kuguy 1,

+ kugug Uy + kugu,, U + kuguy, Uy

+ kugu, Uy,
For u, we have,

a
0o (%, £) l?t(;' D_ 0; uy(x,0) = ec*,
By taking the left-sided Riemann Liouville integral given by
equation (2) for both sides of the last equation and applying
the property (6) we obtain,
uy(x, t) = uy(x, 0) = eiex,

For u, we have,

0%u, (x,t)
aszBl(Lo +N0) ; ul(xto)zo
0%uy(x, t ;
Ly =L(up) = - aogfz - ic’pet,
Ny = —iqudtly + kugu, Ug = (—q + ck)ie™,
Ly + Ny = i(c?p — q + ck)e',
0%y (x, t) ) i
alT = B, (i(c*p — q + ck)e’®) ;u,(x,0) =0,

By taking the left sided Riemann Liouville integral given by
equation (2) for both sides of the last equation and applying
properties (4), (5) and (6) we obtain,

O“ul(x s) w1
I'(a) j —s)ds
= mjo B, (i(c?p — q + ck)ei*) (t —s)* lds,

Therefore,
iB, t*(c®p — q + ck)ei*
Ha () ~ 1 (,0) =< @D ’

iB; t*(c*p — q + ck)e’*
Ia+1)

uy (x,t) =

Similarly, we obtain
iB,(c*p — q + ck) t* u,

Wt = T(a+1)
BZ(c?p — q + ck)?*t?%u,
B TQa+1) ’
us(x, t) _
i(c?p — q + ck)B; t% e'*
B M(a+1) _
2(c?*p — q + ck)?B, B, t**eicx
B TQa+1)
ipc?(c®p — q + ck)?Bj t3%eix
B FBa+1)

N i(—q + ck)(c?p — q + ck)?t3*Bfe'*T2a + 1)
Fl@a+1)*TBa+1)
3i(—q + ck)(c*p — q + ck)?Bit3%e'ex

rGa+1) ’
For the special case a = 1, we get the general formula for u,,,
n-1
0%u, (x,t
% i(c’p—q+ ck)ZBn kUi (x, ),

where u,, (x,0) = 0. Therefore, one arrlves at

u, (x,t) = i(c?>p — q + ck) f Z B _iuy (x,s) ds.
0 k=0

From this relation we get,
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B,(c?p — q + ck) tet*
rl+1)
B2(c?p — q + ck)?*t%eic™
B T(1+2) _
2B, B;(c?p — q + ck)*t?e'*
B T(1+2)
3i(c?p — q + ck)3BZB,t3eic*
B ra+3
B}(c?p — q + ck)*tteicx
r(1+4)
iBs(c?p —q + ck) te'*
r(1+1)
2B,B;(c?p — q + ck)?t?eic*
B r(1+2) _
2B, B,(c*p — q + ck)*t%ete>
B r(1+2) _
3iB;B2(c%*p — q + ck)3t3et*
B T'(1+3) _
3iB?B5(c?p — q + ck)3t3et*
h I'(1+3)
4B3B,(c?p — q + ck)*t*ei™
T(1+4)
iBS(c?p — q + ck)St5eic™
I'(1+5)

u,(x, t) =

us(x,t) =

And,
iBg(c?p — q + ck)t eic*
i+
B2t?(c?*p — q + ck)?ei*
r(1+2) |
2B,B,(c?*p — q + ck)*t?e'™
r(1+2) |
2B, Bs(c?p — q + ck)?*t?e'*
a+
iB3(c?p — q + ck)3t3ete™
r(1+3) |
6iB; B,B;(c?p — q + ck)3t3et*
r(1+3) |
3iBZB,(c*p — q + ck)3t3elx
I(1+3)
6BZB}(c?*p — q + ck)*t*ei*
r(l+4)
4B}By(c?*p — q + ck)*t*ei™
r(l+4)
5iB{B,(c*p — q + ck)>t5ei™
T(1+5)
Bf(c?*p — q + ck)otCeic*
r(1+6e6)

Then approximate solution is obtained as,
n

B, (6 ) = ) w(6,6). @1)
i=0
The values of B; = b;;i = 1,2,3,... are determined by the
least-squares principle. First, we compute the residual,
a“ﬁn(x, t; bl) ) azﬁn(x, t; bl)
ot P ox
- lqlﬁn (x' t; bz)lzgn(x' t: bl)
i, (x,t; b;
el Gt b 225,

ug(x, t) =

If the residual R is identically zero throughout the domain
and the initial/boundary conditions are satisfied, then the
candidate function satisfies the governing problem,
otherwise, we choose the values of b; such that the norm
squared of the residual over the entire domain D is
minimized:

€(by, by, by, ...) = f

(x,t)eED

Due to the nonlinear nature of the resulting parameter-
identification problem, MATLAB was used to compute the
numerical minimizers of the residual functional. Table 1
shows

the numerical values of the control parameters b, b,, bs, ... .

IR(x, t; b;)|?dxdLt.

Table 1: Values of b; forn=3,c=q=02,k=p=0.5 and
different values of a

a b1 bz b3

1 —0.9999 0.0002 —0.0003
0.9 —0.9969 0.0002 0.0002
0.8 —0.9961 0.0002 0.0002
0.7 —0.9951 0.0002 0.0001

Table 2: Values of b; forn=6, c=q=02,k=p=05 and
a=1

b, b, b; b, bs bg

-1 0 0 0 0 0

In this example, the AHPM was applied for the TFCLLE
(15), then the approximate solution (21) was compared with
the exact solution for the case a =1,c=q=02k=p =
0.5, as given by the equation (16).

Table 1 presents the values of the parameters b;; j =
1,2,...,n for number of iterations n = 3 and various values
of the fractional order a, whereas Table 2 provides the
corresponding parameter values for the case n = 6 when a =
1. Moreover, Tables 3 and 4 list selected values of both the
exact and the approximate solution with the corresponding
absolute error, evaluated at different points within the domain
D =[-2,2] x [0,1] for n = 3 and n = 6, respectively.
Figure 1 illustrates the norm of the exact solution (16) and
AHPM solution (21) for « = 1,n = 3 over the domain D =
[—2,2] x [0,1]. The approximate solution of equation (15)
shows a satisfactory agreement with the exact solution.
Moreover, Figure 2 depict the behavior of the absolute error
for n = 3 and n = 6. The absolute error is found to be of the
order of 10~7 for number of iterations n = 3 and 1072 for
n = 6. Further, Figure 3 shows the approximate solution for
different values of a, where it is noted that as a« — 1, the
approximate solution converges in a good manner to the
exact solution at @ = 1. These results confirm that AHPM is
a highly efficient technique for solving the equation under
study.

Conclusions

In this study, an asymptotic homotopy perturbation method
was developed and applied to the time-fractional Chen—Lee—
Liu equation with the Caputo fractional derivative. The
nonlinear fractional problem was transformed into a sequence
of recursive problems, and the convergence-control
parameters were obtained through residual minimization
using the least squares principle. The numerical experiments
showed that the truncated AHPM series approaches the
available exact solution as the truncation order increases. The
accuracy was assessed using absolute errors and residual-
based measures for selected fractional orders. These results
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support the applicability of AHPM to the considered model.  alternative numerical and semi-analytical methods and
Further work should investigate its performance against establish more general convergence and error estimates.

Table 3: Absolute error for the valuesn =3,c =q =02,k =p =05 anda = 1.

X t Exact solution Approximate solution Absolute error
u(x, o) ii; (Xt b;) [1Us (x,tb;) —ux, 0l

Lo dmmamm URRIMR ame
N Missuentseeni - 03usestsen 36237510710
e OIS o

Lo ommmn, U o
Y M ioeesoaon - otoroesziaon 3623751070
Y - LY e M TR

oW ommeme o omemense e
VN Uliooassos 4 0199453320851 362375+ 1071
L DUMENSL

: VL U Casoasaoeson 1038949200501 3520714107
PN Uoaoisoterni 0390155066621 362375+ 1071
0.1 0.917916206700 0.91791620199

+ 0.3967742903i

+ 0.3967743914i

1.01185 % 1077

Table 4: Absolute errorforn =6, c=q=0.2,k=p=0.5 anda = 1.

X t Exact solution Approximate solution Absolute error
u(x,t) Ug(x,t; b; ) [[Ug(x,t;b; ) —u(x,t)||

0.001 0.921092144522 0.9210921445228 8.54293 x 1014

-2 — 0.3893446561i — 0.38934465618i
0.01 0.921372233903 0.9213722339376 8629333 x 10711

— 0.38868136897i — 0.38868136889i
0.1 0.9241468337164 0.924146870685 9.4933333 % 1078

— 0.38203747163i — 0.38203738419i
0.001 0.98008246825 0.98008246825149 8.54293 x 10714

-1 — 0.19859092483i — 0.19859092483i
0.01 0.9802251996676 0.980225199684 8629333 x 10~ 11

— 0.19788521404i — 0.19788521395i
0.1 0.98162455357131 0.98162457243165 9.4933333 % 1078

— 0.19082252441i — 0.19082243137i
0.001 0.9800506811585 0.9800506811585 8.54293 + 1014

1 + 0.1987477354i + 0.1987477354i

0.01 0.97990732877227 0.979907328755 8629333 x 10711

+ 0.1994533203i + 0.19945332048i
0.1 0.9784458781847 0.9784458593243 9.4933333 % 1078

+ 0.2065034224i + 0.206503515422i
0.001 0.9210298375881 0.921029837588 8.54293 + 1014

2 + 0.38949202594i + 0.3894920259i
0.01 0.920749164622 0.9207491645891 8629333 x 10711

+ 0.39015506641i + 0.39015506649i
0.1 0.917916206700 0.9179161697312 9.4933333 % 1078

+ 0.3967742903i

+ 0.39677437778i
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Figure 1: The norm of the exact solution ||u(x, t)|| (left) and the norm of the AHPM solution ||, (x, t; b;)|| (right)ata =1,n=3

Figure 2: The absolute error ||, (x, t; b;) — u(x, t)|| ata = 1,n = 3 (left) and n = 6 (right)
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Figure 3: The norm of AHPM solution for different values of @ = 0.7,0.8,0.9,1 usinn = 3
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