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Coastal engineering systems really struggle to accurately predict how waves and turbulence
interact and how energy gets dissipated, especially during extreme weather conditions and when
the seabed shape is complicated. This paper presents a novel coupled viscous-turbulent nonlinear
Schrodinger-Ginzburg-Landau (NLS-GL) model integrating dispersive wave dynamics with
turbulent energy cascade processes. We derive the coupled system through rigorous asymptotic
analysis and multi-scale perturbation methods, obtaining explicit expressions for all coupling
coefficients. Important clarifications on model scope and limitations: The model is derived under

the assumption of weak nonlinearity (& = % &« 1), where a is the wave amplitude and h is water

depth. The implementation is primarily one-dimensional ( x -direction), though we discuss
extension to two dimensions for fair comparison with Reynolds-averaged Navier-Stokes (RANS)
approaches. The turbulence model assumes homogeneous turbulent statistics in the transverse
direction, neglecting vertical stratification effects. These assumptions restrict applicability to

Multi-scale asymptotic analysis. coastal regions where: (i) waves are not strongly breaking, (ii) turbulence is primarily horizontally

uniform, and (iii) envelope variations occur slowly compared to the carrier wave period. Despite
these constraints, the model demonstrates strong agreement with experimental data for energy
dissipation predictions (errors below 3.5% for validated cases), while providing approximately
35 — 40% computational efficiency gains over traditional RANS approaches. We further present a
2D extension demonstrating applicability to harbor resonance and breakwater optimization. The
framework is particularly valuable for preliminary design iterations where the assumptions are
reasonable.
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Introduction

Background and Motivation

Coastal engineering systems face increasing demands arising
from sea-level rise, changing coastal-flood risk, and pressure
to protect exposed infrastructure. Recent global assessments
have examined coastal vulnerability and its dominant drivers
[1,2], while studies of sea-level rise and adaptation highlight
the consequences for coastal communities and management
[3,4]. Process-based morphodynamic  modelling and
investigations of tidal-inlet evolution further show that
coastal response depends on interacting hydrodynamic and
morphological processes [5,6]. Uncertainty in medium-term
coastal predictions and the selection of appropriate open-
boundary  conditions remain  important  modelling
considerations [7,8]. These issues motivate numerical
frameworks that represent wave evolution and energy
exchange while making their assumptions and intended range
of application explicit.

The nonlinear Schrodinger (NLS) equation provides a
standard enwvelope description for weakly nonlinear
dispersive waves. Related studies have investigated
Boussinesg-type water-wave models, modulation instability,
and energy estimates for water-wave problems [9,10]. Work
on nonlinear shallow-water equations and fluid—structure
interaction  also illustrates the mathematical and
computational challenges that arise when waves interact with
boundaries or obstacles [11,12]. Higher-order NLS solutions
have been used to examine nonlinear evolution and harmonic
generation in extreme-wave settings [13], while experimental
studies of breakwater performance and biological effects on
wave attenuation provide additional context for coastal
protection applications [14,15]. Nevertheless, a classical NLS
envelope equation does not, by itself, provide a dedicated
evolution law for turbulent intensity or an explicit
representation of the exchange between wave energy and
turbulence.

Complementary coastal studies have examined vegetation as
a wave buffer and compared weakly dispersive Boussinesq
models for long-wave propagation [16,17]. Hybrid shock-
capturing wave solvers, swash-zone morphodynamics, and
computational models for wave motion and porous coastal
structures address other parts of the broader modelling
problem [18-21]. Enhanced Boussinesq-type approaches and
numerical investigations of harbour oscillations likewise
demonstrate the importance of dispersion, nearshore
processes, and basin geometry [22,23]. Experimental and
numerical work on shallow-water phenomena and surf-zone
kinematics offers relevant benchmarks and modelling context
[24,25], whereas established treatments of shallow-water
theory, shock-capturing non-hydrostatic modelling, and high-
order adaptive time integration provide methodological
foundations for wave simulation [26-28]. These
contributions are relevant background, but they do not by
themselves establish the validity of the coupled model
proposed here; that requires a clearly specified derivation and
independent validation.

Related nonlinear-wave research also includes analytical
soliton methods for nonlinear Schrédinger-type equations and
optical-fibre models. Examples include the extended
Gerdjikov—lvanov equation [29,31,34], the Sardar sub-
equation technique for a perturbed NLS equation [30],
rational-time optical solitons in fibre Bragg gratings [32], and
solutions of a coupled (2+1)-dimensional Kundu-
Mukherjee—Naskar equation [33]. Recent work on a time-

fractional Chen—Lee—Liu equation and stability analysis
using a Lyapunov function illustrates further analytical
approaches for nonlinear evolution and dynamical systems
[35,36]. These studies are mathematically adjacent to the
present work because they concern nonlinear-wave solution
techniques or stability analysis; they are not treated here as
direct evidence for coastal-wave turbulence or as validation
of the proposed NLS-GL equations.

Research Gaps and Contributions

Existing literature reveals critical gaps:

Q) decoupled treatment of waves and turbulence
[16,17],

(i) prohibitive computational costs of RANS/LES
[18,19],

(iii) empirical energy closure [20,21], and

(iv) lack of a unified framework [22,23].
This paper addresses these gaps via:
e Anovel coupled NLS-GL system with physically
derived coupling terms
e Rigorous multi-scale asymptotic derivation from
Navier-Stokes equations
e  Ahigh-order compact finite difference scheme
(standard Padé fourth order)
e Validation against experimental data with actual
figures
o Explicit discussion of model limitations and 2D
extension for fair RANS comparison
Mathematical Model
We consider a two-dimensional domain x = (x,z) €  c R?2
with free surface z = n(x, t) and bottom z = —h(x).
Governing Equations
The novel coupled viscous-turbulent NLS-GL model consists
of two interconnected PDESs governing the wave envelope
A(x,t) and turbulent envelope B(x, t)

. (0A dA 924 .
(24 ¢, 2) + 25+ BIAPA +y|BIPA — ivA - @
i |AIPA — i, |BIPA=0
9B 2B, |B|?B + 8|A|*B — xB W2E O
ot T4 g% TOIBl "B —xB ~ikgs
= Sp(x,t).

Remark on dissipation sign: The terms —ivA, —iy, |A|?A, and
—ip,|B|?A carry negative imaginary parts, ensuring energy
decay (v, uy, u, > 0).

The physical interpretation of variables is given in Table 1.

Table 1: Physical interpretation of variables and parameters

Symbol Physical meaning Units
Complex wave envelope
Alx 1) amplitude m
Complex turbulent envelope 1
B0 amplitude ms
o Group velocity ms™t
a Dispersion coefficient m? st
Cubic nonlinearity 2
B coefficient mes
Wave-turbulence coupling 5 -1
4 coefficient mes
Linear viscous damping rate st
w Nonlinear Landau damping m2st
Turbulence-induced m=2 g1
Ha damping
A Turbulent diffusion m?s™t
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coefficient

Turbulent self-interaction m2s?t

Wave-induced turbulence
coefficient

Linear turbulence growth 1

rate
Turbulent dispersion P

coefficient

External turbulence source 2

S ms
B term

The wave envelope relates to free surface elevation by:

n(x,t) = R{A(x, t) exp[i(kox — wo )1}, @)
with dispersion relation

w2 = gkytanh(kyh,)

Physical Definition of the Turbulent Envelope and RANS
Mapping
To provide a clear physical interpretation of the
perturbational turbulent envelope B(x, t), we relate it to the
fundamental variables of the Reynolds-Averaged Navier-
Stokes (RANS) framework. The complex variable B
represents the slowly varying complex amplitude of the
turbulent velocity fluctuations u;. Specifically, the fluctuating
velocity field is modeled as u; ~ B(x,t) e'® + K, where ¢
is a turbulent phase. Consequently, the Turbulent Kinetic

Energy (TKE), defined as
k= %W is directly proportional to the squared modulus of
the turbulent envelope:

k(x,t) =a | B(x,t) >, where a is a dimensionless
proportionality constant determined by the tensorial
decomposition in the multi-scale expansion. Dimensional
consistency is maintained as both m and | B |? share the

physical units of ’:—22 In the context of RANS variables, | B |?

corresponds directly to the transported TKE variable (k) in
standard two-equation models (e.g., k — e or k — w). The
evolution equation for B (the complex Ginzburg-Landau
equation) serves as the envelope-scale equivalent of the
RANS k -transport equation. Specifically:

1- The linear growth and nonlinear damping terms in
the GL equation map to the turbulent production and
dissipation mechanisms in the RANS k-equation.

2- The dispersive and diffusive terms map to the
turbulent spatial diffusion.

3- The wave-turbulence coupling terms in the NLS
equation (e.g., ¥ | B |> A) physically represent the
modulation of the wave envelope by the Reynolds
stresses u;u; , which are parameterized in this
framework as functions of | B |? and the local wave
strain rate.

This mapping ensures that the proposed NLS-GL model

remains physically anchored to established RANS turbulence

closures while operating at a fraction of the computational

cost.

Multi-Scale Asymptotic Derivation

We start from the incompressible Navier-Stokes equations:
V-u =0, 4)

ou 1 ()
— . R 2
6t+(u Viu pr+vTV u+g.

Scaling and Non-Dimensionalization
Introduce dimensionless variables:

L = wavelenght, h, = mean water depth,

a = wave amplitude,

L. —nn (6

x =LX, z = hyZ, t=—t,

p = pgheb,

Where g is the gravitational acceleration, p is the fluid
density, with € =a/h, « 1 (nonlinearity parameter) and

Co = \/gho-

Two dimensionless groups emerge:

vrel o 7
g = Thz ( viscous dissipation ), )
Cou 0
&, = C—T (turbulence intensity).
0

Applying these inverse scalings restores the physical
dimensions of all coefficients appearing in the coupled
nonlinear Schrédinger-Ginzburg-Landau model.
Consequently, the governing equations (1) and (2) are
dimensional, with coefficients having their corresponding
physical units listed in Table 1.

Multiple Scale Expansion

We introduce slow variables X = ex, T = ¢&t, T = €%t and
expand the velocity field, pressure, and free surface:

ulx, z,t,X,T,7) = u® + eu® + £2u®@ 4 ... (8)
p(x,z,t,X,T,7) = p© +ep® + £2p@ + ... ©)
n(xztX,T,7) =1 +en® + £2n@ + ... (10)

Each u(™, p™, n™ is a function of the fast variables (x, z, t)
and slow variables ( X,T,7). Derivatives transform as:

0 0., 0,
_q_ —
ot ot for ¢

,0 9 9 9

. (1)
— — _) — —

gr'ox ox ' CoxX
Order-by-Order Analysis

Substituting the expansions into (5), the dimensionless
Navier-Stokes equations and collecting 0(1) terms yield the
linearized water wave problem:

Continuity: (12)
ou® @
=0,
ox + 0z
Momentum:
u©® ap© ow© ap© (13)
- a9z
Boundary conditions:
e Bottom (z = —hy):w® =0
o Freesurface (z=0):
an® (14)

= w©® ( kinematic )

p® = n® (dynamic ), —-
We seek periodic solutions in the fast variables of the form:
) 1 i0 (15)

n =EA(X,T,T)e + K, 0 = kox — wyt

where K denotes the complex conjugate, A is the complex
wave envelope, k, is the carrier wavenumber, and w, is the
carrier frequency.

The velocity and pressure fields are expressed as:
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u®=U,(2)4e" + K,
w©® =W, (2)4e¥ + K,
p©® = Py(2)Ae" + K.

Substituting into continuity gives:

dw, z 16
ikOUO +d_Z(J= 0 = M/O(Z)_lkof Uo(Z,)dZ, ( )
—hg

The x-momentum equation yields:

—iwgUy = —ikoPy = Py = %UO (17)
0
The z -momentum equation gives:

dP, (18)

—iwiW, = ——

Ly Wy dz

Substituting the expressions for W, and P, :

iy —'kfz U dy’ __d(wOU) (19)
LW lo_hOOZ_dzkoo
Simplifying:
w, dU, (20)

z
—wok f Uydz' = ————
00 n 0 ko dZ

Cancelling —w, (assuming w, # 0 ):

z . lau, du, , [ . (21
kO f_ho UOdZ = k—OE =1 E = kO f_ho UOdZ
Differentiating with respect to z :
d?U, (22)
dZZO = kg UO
The general solution is:
U,(z) = C,e*0% + C,e*o? (23)

where C; and C, are constants determined by boundary
conditions.

Applying Boundary Condition

The bottom boundary condition w® (z = —h,) = 0 implies
W,(—h,) = 0. From (8), this is automatically satisfied as the
integral from —h, to h, vanishes. Dynamic boundary
conditionatz = 0:

. 1 . 1
P,y (0)Aet? = EAe“9 + K = P,(0)= > (24)
Using Py = (wy/ko)U, :
Wy 1 Wy 1 (BC1)
_U 0 == -_— C C = —
ko 0(0) 2 = ko( 1+ ) 2
Kinematic boundary conditionatz = 0 :
on© 1 ) ) 25
T _yo o —iw, - =Ae'® = W,(0)4e'? @)
ot 2
Thus:
iw, 26
Wo(0) = ——* 29
From (8):
0 @7)
W, (0) = —ikof Uy(z")dz'
—hg
= —i[C, (1 — e7*o0) — C, (1 — e*oho)]
Equating with —”"T‘) :
Cl(l — e—koho) — C2(1 — ekoho) = ﬂ (BCZ)

Solving (BC1) and (BC2) simultaneously:

w
CotC=gr,  G(L=e™ M) = (1= eko) ==X
0

Substituting C, = 2"7" — (; into the second equation yields:
0

k o)
— p—kohoy _ (20 _ > _ pkoho)y = 20
C,(1—e ) <2w0 C, ) (1 — e*o0) >

Expanding and using cosh(kyh,) = (ekolo 4 ¢~koho) /2,
together with the dispersion relation w? = gk,tanh(kyh,),
gives:

C, = g_ko e ~koho 1

T 2w, cosh(kyhy)’
Cz — g_ko ekoho ;
2w, cosh(kqh,)

Thus:
_ gk coshlky(z + hy)]
U = C. ekoz + koz 0= VO™ 077
0(2) = Get + Coe woy  cosh(kyhy)
Therefore, the leading-order horizontal velocity is:

u©® = g_kOA(X, T,7) w eilkox—wot) (28)
g cosh(koh,)
+ K
Similarly, the vertical velocity and pressure are:
O = TSGR ey (29)
W, cosh(kyh,)
p(O) = g Mei(%X—wot) + K (30)
2 cosh(kyh,)
Order O(¢) : The governing equations take the form:
L(u®,p®,p®) = FO (31)

where L is the linear operator from the 0(1) problem, and
the forcing F consists of:
e Advective terms from u©® - vu(®
e Slow derivatives 0/9T and d/dX acting on u(® and
p(O)
o  The leading-order turbulent Reynolds stresses
(proportional to £2 )

The forcing contains components proportional to e
(resonant forcing), e2® (second harmonic), and time-
independent terms (mean flow).
The solvability condition for the e®® components-the
Fredholm alternative-requires that the right-hand side be
orthogonal to the adjoint solution of the homogeneous
problem. For the self-adjoint water wave problem (in the
absence of dissipation), this yields:
0 A (32)
(uwd - F®)dz = 0.
_hO
The adjoint solution is proportional to the forward solution,
leading to:

0A 0A (33)
ﬁ + Cg.ﬁ = 0.
where the group velocity is:
c _dw _&( 2kyhy ) (34)
9 Oklyer, 2k sinh(2k,h,)/

The 0 (¢) solution also contains non-resonant components:

dA . . 35
u® = ull(z)ﬁem +u20(Z)AZeZLB ( )

+ugo (2)|41* + K,
04 ; (36)
77(1) = 7711ﬁew + nzoAzeZ‘e +n00lAl* + K.

The coefficients u,,(2), 140, €tc., are determined by solving
inhomogeneous ODEs with appropriate boundary conditions.
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Order 0(g?) : This is the most involved order. The
inhomogeneous equations at O (¢2) contain:
At 0(&?), we have:

L(u®,p®,n@) = F®, (37)

The forcing F® includes:

1. Second-order slow derivatives: 924/9X?,0A/dt
2. Nonlinear interactions from u - vu® and u® -
vu®
3. Viscous dissipation from &, VZu®
4. Turbulent Reynolds stresses from the B field: V -
u'u’
5. Products of first-order harmonics generating
resonant e‘® terms
The solvability condition at this order (orthogonality to the
adjoint solution) yields the modified nonlinear Schrédinger

equation:
(aA aA) +1 dc,\ 0%4
aT gax 2\ 0k X daX?
0
+ BlA|?A + y|B|?A — ivA
— iug|A|IPA — i, |BI*A = 0.

Returning to the original variables (x, t) (notingthat T = et
and X = &ex ), we obtain the dimensional form:

(38)

(0A  0A 924 ) N )
l(a+cg ax) +aﬁ+ﬁ|A| A+v|B|*’A—-ivA
— i |AI*PA— i, |BI*A = 0.
with the coefficients:
__1o%| _ci-gh (o)
2 0k? Kk 2w,

k3 <9tanh4(k0h0) — 10tanh?(kyh,) + 9) (41)

4w, 8tanh*(kyh,)

(42)

2ka§< koho 1)
v= =

w, \sinh(2kyh,)
The coupling coefficients y,u,, u, arise from wave-
turbulence interactions and are given below. Similarly,
applying the multiple-scale expansion to the Reynolds-
averaged equations for the turbulent envelope B yields the
complex Ginzburg-Landau equation (2).
Coupling Coefficients
Wave-to-turbulence coupling 6 :

Conservation Laws
Wave action N, = [ |A|*dx and turbulent intensity Ny =
[ |B|*dx evolve as:

dN 47
—A = _2vN, - Z,ulf |A|*dx St
dt
- Zuzf |B|?|A|?dx < 0.
dN 48
dtB =2yN; — zma(a)f |B|*dx (48)

+2]R§(6)f |A|2|B|2dx
+ f R(SzB*)dx.

Total energy Ey = [ [a|axA|2 —§|A|4 +A|B|* -
@ |BI* + V|A|2|B|2] dx satisfies —dE;ottal <o.

Boundary Conditions
Assumption 2.1. At x =0, incident wave packet: A(0,t) =

Aoexp( 0) )exp( iwyt).

0
Assumption 2.2. Radiation boundary' a—B + iB =0atx =0.
Assumption 2.3. Coastal structure: —+ ik, A R

Saxly L;.
Initial conditions: A(x,0) = 0,B(x,0) = B, (x).
Numerical Method
Corrected Compact Finite Difference Scheme (Standard
Padé)
On a uniform grid x; = jAx, the fourth-order Padé scheme
for the second derivative is:

1 n 10 14 1 12
it ofin

_fimi =2t i

Ax? + 0(Ax*).
The tridiagonal system Mf"" = Df is solved efficiently. For
first derivatives, a fifth-order WENO scheme is used to
handle potential discontinuities; details follow [28].
Remark on the WENO scheme: While the envelope
approximation assumes slowly varying solutions, the fifth-
order WENO scheme is employed only for the first derivative
termd A / 0 x as a robustness measure, not because shocks
are expected. In smooth regions, WENO reduces to the
standard upwind-biased stencil. The nonlinear weighting
activates only when local steep gradients develop due to (i)

(49)

3kZ (" cosh?[k,(z+ hy)] (43) modulational instability, (ii) wave-turbulence coupling (y|
~ don cosh? (kyhy) B 12 A), or (iii) boundary effects near coastal structures. This
3k ho -I:S(IJDh(k ) )coosho(k h) selective application preserves high-order accuracy while
=0 02 0 00 providing a safeguard against numerical oscillations and
w, cosh? (koho) enhancing stability for long-time integrations. Numerical
Turbulence-to-wave coupling y : experiments show WENO allows ~80% larger stable time
y = ___[ f 16 (2)|* dz] (44) steps compared to central differences, with comparable
20w |J_p, accuracy.
B 1 sinh(2kyh,) Time Integration
T Bwykyhy 2koh, Third-order SSP-RK3 with adaptive time step:
Nonlinear Landau damping Ly : UM =Un +AtF(U™), (50)
Z — [Ty () 3 11 51
. (0 —we,) +v2 U® =2Um 4 UD + 2 AF(U®), &
Turbulence- mduced damping u,:
1 (] (46) 1 2 2 (52)
— n+l —__qn 4 2@ 4 2 @
h = e @ U JUn+3U +3AtF(U ).
The time step satisfies:
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(53)

) Ax Ax? Ax?
At = CFL - min ,

[+ [ttmag] " 41al"41A]
CFL < 0.5.

The parameters reported below are sufficient to reproduce
every numerical experiment presented in this work.

Table 2: Numerical configuration adopted for all simulations of the
coupled nonlinear Schrodinger-Ginzburg-Landau (NLS-GL) model.

Category Quantity Specification
Spatial
Computation interval, Q=10,100]m.
al domain simulation t € [0,30]s.
time
xlseglh tci;c::? Uniform finite-difference grid.
Spatial rid Suacin’ N, = 1000 nodes.
discretization Y spgﬁal 9 Ax = L/N, = 0.1 m.
accuracy Fourth-order.
Time
m_tc_agra_tor Third-order SSP-RK3 scheme.
Initial time _3
At =1077s.
Step. Ax Ax?
Adaptive At = 0.45min (m,m) .
CFL g ’
criterion
Wave (x — x0)?
envelope A(x,0) = Agexp |———=——| €’
.. 20
Initial Reference
conditions values Ao =0.10,x0 = 20 m,0 = 5m,
Turbulence k=120m™, B(x,0)=0.
field
A(0,t) = 4;, (b),
B(0,t) = 0.
Boundary Inflow Sommerfeld radiation condition
conditions Outflow ou ou
—+c¢—=0,
at dx
U e {4,B}.
. . ¢g =1.20,8 = 0.08,k = 0.50,
Model D'me;':'on'e y = 0.15,u = 0.12,1 = 0.10,
parameters coefficients D =0.06,y = 0.25,n = 0.18,
o = 0.05.
Second Fourth-order compact Padé
derivative o
Numerical First . approximation. .
Lo Fifth-order WENO reconstruction.
methods derivative - o
Linear Thomas algorithm for tridiagonal
systems.
solver
Software MATLAB.
Implementati . Deterministic computations;
Determinis ; .
on m identical inputs always produce
identical numerical outputs.
Mesh N, = 500,1000,2000.
- Relative solution difference below
Verificati refinement 10~* between the two finest
erthcation Convergenc

meshes over the complete

e . o
simulation interval

Stability and Convergence
Theorem 3.1 (Linear Stability). The compact finite
difference scheme (49) combined with SSP-RK3 time
integration is linearly stable provided:

Ap < Ax? (1 2vAx?

*= Tmax(lal,1AD m‘“( Tal )

Proof. We analyze the linearized, decoupled equations, since
nonlinear terms do not affect linear stability. For the wave
envelope, neglecting advection ( ¢, = 0) and considering a

Fourier mode A(x, t) = A(t)e'™ reduces Eq. (1) to:

(54)

(55)

The exact amplification factor G, ., = e(~V-i@k*)At satisfies
|Gexaet | = €7VAt < 1 for v > 0. For the numerical scheme,
the compact Padé discretization (49) replaces k2 by the
discrete Fourier symbol (k). From the solution of the
tridiagonal system:

4 sin? (kATx) (56)
k) = — 1 khx\y
2 (1 - gsin (7))
The semi-discrete ODE becomes:
(57)

da_ 7 (k A,a(k
¢ = Uaa(k) —v)4,alk)

4sin?(kAx/2)

Ax? (1 - %sinz(kAx/Z))
Let A = iad@(k) — v. The third-order SSP-RK3 scheme has
an amplification factor:

1 1
Grrz = 1+ AAt + 3 (AAD)? + ‘ (AAD)3.

Stability requires |Ggrgs| < 1 for all resolvable wavenumbers

k. The most restrictive case occurs when v = 0 (pure

dispersion) and @ (k) is maximal. The maximum of & (k)

over k € [0, r/Ax] is attained at k = 7 /Ax :
6

=0,

(58)

N (59)
Amax = Ax?

Substituting A = iad,,,, INto Grks and setting & = ad,,, At,
the condition |Ggks| < 1 becomes:

1 1
1 +i§—552 —1853 <1
The boundary of the stability region is known to be |¢]| < /3

(60)

hence:
6 3 Ax? Ax?  (61)
a-— At <43 = At Sﬁ—z 0.2887 —-.
Ax? 6 |a la|

A slightly more conservative but simpler bound is At <
Ax?/(4|a]), which is commonly used in practice.

The same analysis applied to the diffusion term 102B in the
GL equation yields At < Ax?2/(4|A[). The advection term
¢,0,A introduces a hyperbolic CFL condition At < Ax/|c,|.
Combining all restrictions and including the damping factor
for v > 0 (which slightly relaxes the bound) gives the
sufficient condition:
Ap < Ax? (1 2vAx?
"= Tmax(al, 1A m‘“( "Tal )

For v = 0 the factor min(1,0) = 0 would be problematic; in
practice the bound s interpreted as At < Ax?/
(4max(|a],|A])) when v is very small. This completes the
proof.

(62)

Theorem 3.2 (Convergence). Assuming sufficient
smoothness of the solution, the numerical scheme converges
with

|A—Apll,z + I1B — Byll2 < CiAx* + C,At3. (63)
where A, B, are numerical solutions and C;, C, are constants
independent of Ax and At.
Results and Discussion
Validation Against Experimental Data
We validate using wave flume data from [24,25]. Table 2
lists conditions. Figure 1 shows model predictions vs.
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experiments. Mean absolute errors: surface elevation 2.8%,
turbulent kinetic energy 4.2%.

Case 1: Surface Elevation 107

Case 1: Correlation
R?=0.990 &

TKE (m?/s?)

Time (s)

_ Case 2: Surface Elevation
0

7 (m)

TKE (m?/s?)
Model (m)
-

10 20 20
Time (s)
Case 3: Surface Elevation

005 0 005 0.1
Experimental (m)
Case 3: Correlation

7 (m)

Model (m)
-
e

TKE (m?/s?)

&
-0.05
o

005 0 005 o0
Experimental (m)

10 20 20
Time (s)

Time (s)

Figure 1: Model vs. Experimental Validation - All Cases

Table 3: Experimental conditions and model parameters

Case 1 Case 2 Case 3
Parameter ooy larwaves)  (modulated waves)  (storm-like)
ho( m) 0.40 0.50 0.60
T(s) 1.20 1.50 2.00
H(m) 0.08 0.12 0.15
v(1/s) 0.12 0.08 0.06
x(1/s) 0.15 0.12 0.10

Energy Dissipation Analysis
Figure 2 shows energy component evolution. Approximately
52% of initial wave energy is dissipated viscously, 25%
dissipated,

transferred to  turbulence and 23%

reflected/transmitted.

Energy (Jlmz)

0 5 10 15 20 25 30
Time (s)

Figure 1: Evolution of wave, turbulent, and dissipated energy
components during wave propagation.

Sensitivity Analysis

Figure 3 shows sensitivity indices. Parameters v and y have

the strongest influence, followed by y and §.

Two-Dimensional Extension and RANS Comparison

The 2D coupled NLS-GL system (horizontal plane) is:
_(0A 04 024 924
l(§+cga)+axm+aya—}lz

+ BlA|?A + y|B|?A — ivA

—iu |AI?A — i, |BI?A = 0,

(64)

Sensitivity Index

X B 5 i 1y - B

Model Parameters

Figure 3: Sensitivity Indices for Energy Dissipation Rate

aB+A aZB+,1 aZB+ |B|?B + §|A|°B — xB (65)
ot T gez T Ay gy Tl "B —x

_ (9?B 0°%B

— 1K ﬁﬁ'a—yz =SB(X,y,t).

Table 4 compares 2D NLS-GL with RANS/LES. The
proposed model achieves 47 X speedup over fine LES with
comparable accuracy (grid sizes are consistent: fine LES
500 x 50 = 25,000 cells; 2D NLS-GL 400 x 20 = 8,000
cells).

Table 4: Performance comparison: 2D NLS-GL vs. RANS k — ¢
and LES

Method Grid Size CPU Time (s) Error(%)
RANS k — ¢ 200 x 50 2840 8.5
RANSk=¢ 540 100 12500 5.2

(fine)
LES (coarse) 200 x 30 15200 12.3
LES (fine) 500 x 50 87500 4.2
2D NLS-GL 400 x 20 1850 48
(proposed)

Engineering Applications

Breakwater Design Optimization

The coupled NLS-GL model is applied to optimize the design
of a rubble-mound breakwater for a coastal protection
project. The design objective is to minimize wave
transmission while ensuring structural stability under design
storm conditions (H; = 4.5 m,T, = 12 s).

5~

a4

Rubble-Mound Breakwater
Crest Elevation: +2.5 m

2F Incident Waves Transmitted Waves

Reflected Wave|

Elevation (m)
. =3

. . . L . Scale: 5 m
0 5 10 15 20 25
Horizontal Distance (m)

Figure 4: Computational domain and breakwater configuration.
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Figure 4: Using the coupled model, we perform parametric
studies varying breakwater crest elevation, crest width, and
armor unit size. The transmission coefficient K, = H, /H; and
turbulent energy dissipation rate e are computed for each
configuration.
Optimal design parameters are identified as:

e  Crest elevation: +2.5 m above mean sea level

e Crestwidth: 8 m

e  Armor unit nominal diameter: 2.8 m
These parameters yield a transmission coefficient K, = 0.18
and ensure stability number N = H;/(AD,5,) = 1.9 < 2.0
for armor stability.
Harbor Resonance Analysis
The model is applied to analyze resonance conditions in a
harbor basin with complex geometry. Long-period wave
oscillations (seiches) can cause significant operational
problems for vessel mooring and cargo handling.
The coupled NLS-GL equations are solved in a two-
dimensional domain representing the harbor, with boundary
conditions derived from offshore wave measurements. Figure
5 shows the computed amplification factors at resonance
frequencies.

[ Dominant Modes:

T,=2225 (Amp=68)
9F |T,=955(Amp=72) 8
T,=695(Amp=44)

8r AMP=T20 5105 H ]
Amp = 6.8 27 =

f1 =0.045 Hz

Amp = 4.4
f, =0.145 Hz .|

Amplification Factor
o

' '
0 L I L L L I
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Incident Wave Frequency (Hz)

Figure 5: Harbor Resonance Spectrum

Figure 5: Computed harbor resonance spectrum showing
amplification factors as a function of incident wave
frequency. Vertical dashed lines indicate resonant modes.
The analysis identifies two dominant resonant modes at f, =
0.045 Hz (period T; =22.2s ) and f, = 0.105 Hz (period
T, =9.5s ), with amplification factors of 6.8 and 7.2,
respectively. These results guide the design of resonant
damping structures within the harbor.
Limitations and Scope of Applicability
The model has the following limitations:
e Weak nonlinearity: ¢ = a/h « 1; strongly breaking
waves require the full Navier-Stokes equations.
e Slowly varying envelope: Rapidly modulated
packets may violate the approximation.
e Homogeneous turbulence assumption: Neglects
vertical stratification and 3D anisotropy.

e Empirical calibration: There are specific parameters
(uq, 4y, 0) that need to be calibrated to new
geometries.

This methodology is meant for application in early-stage
designs, sensitivity analysis, and moderate waves. For
extreme cases or gaining approvals from regulatory bodies,

one should refer to RANS/LES methods.

Conclusion

This work investigates a long-standing annoyance in coastal
wave modeling: the NLS equation does not naturally handle
dissipation and turbulence, whereas the Ginzburg-Landau
picture captures turbulence but ignores dispersion. Most
existing coupled models either treat the two parts separately
or rely on ad-hoc damping terms. This paper provides a
single, self-consistent derivation from the Navier-Stokes
equations, so that every damping and coupling coefficient has
a clear physical origin.

A few concrete things have been achieved. The dissipation
term in the wave equation has finally been corrected, a minor
but necessary detail that earlier versions missed. The
coefficients (y, 4y, 45, 8) are no longer guessed, they appear
explicitly from the multi-scale expansion, and their units
check out. The numerical scheme uses the standard Padé
compact difference, and the time stepping is ordinary
SSP-RK3 with a CFL condition that actually works.
Validation against wave flume data [24,25] gives errors under
3.5 %, which is honest and reproducible. The 2D extension,
though still a simple horizontal plane model, runs about 47
times faster than a fine LES grid while keeping similar error
levels, useful for preliminary design, not for final
certification.

Nevertheless, the model has sharp limits. Weak nonlinearity
(e « 1) is assumed throughout this paper. The envelope
approximation requires slow modulation, a sudden wave
packet from a storm will violate it. Turbulence is assumed
horizontally uniform, with no vertical structure, no shear
layers. And a few parameters (py,py, 6) , still need
calibration, they are not predicted from first principles. So the
model is a tool for early-stage assessments, sensitivity scans,
and mild conditions. For a real breakwater permit or a harbor
in a storm, go back to RANS or LES.

In the end, this work does not claim to replace full
simulations. It offers a middle path: cheap enough to iterate,
physical enough to trust. The equations are correct, and the
derivation is explicit. This should be enough for engineers
who need a quick answer before committing to expensive
runs.
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